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2 INTRODUCTION

It was the discovery of X-rays by Wilhelm Röntgen in 1895 that laid the
foundation of Computerized Tomography (CT). He was the first to produce a
radiographic image. It showed his wife’s hand (see Fig. 1). This finding came at
a time when the only way for doctors to observe the inside of the patient’s body
was through surgery. Consequently, Röntgen’s discovery was of great impact
and only a year later X-ray radiography appeared in hospitals. Over the next
decades, X-ray imaging saw major improvements to image quality and safety
of the method. However, what would turn out to have the biggest impact on
clinical imaging, only appeared in the early 1970s: the emergence of computers.
Until then, X-ray images were taken from one fixed position, resulting in a two-
dimensional (2D) projection of the three-dimensional (3D) body. The idea of CT
was essentially to obtain an actual image of a 2D cross-section or ”slice” of the
human body instead of a mere projection. One-dimensional (1D) X-ray projec-
tions obtained from different angles were combined and processed by a computer
to form a 2D cross-sectional image of the human body. The first commercial
CT scanner was developed by Hounsfield in 1971 and the first scan took about
5 minutes for a single cross-sectional scan. The scanning and computation time
of course reduced drastically over the time, as the performance of computers
improved. Nowadays, scanners can perform several hundreds of cross-sectional
scans simultaneously in just a fraction of a second. This performance allows to
stack the 2D cross-sections together to obtain a 3D reconstruction. Not only
is the development of new devices constantly bringing improvement in terms of
speed, but also in terms of accuracy and reduction of radiation dose. Depend-
ing on the application, either 2D or 3D reconstructions might be of interest.
Reconstructions in 3D can be either obtained by combining a fine discretization
of independent 2D cross-sections, or by scanning and reconstructing the full 3D
density. The latter has emerged in the 1980s and is often referred to as fully or
truly 3D reconstruction.

Both 2D and 3D imaging are based on the same principle of tomographic
reconstruction, which is widely used for but not limited to medical applications.
A 2D or 3D object is illuminated by a penetrating beam (usually X-rays) from
multiple directions, and a detector records the attenuation of the beam after it
has traversed the body. These measurements are processed by a computer to
determine the corresponding attenuation coefficients, with which the full 2D or
3D density is then reconstructed. The terms full data or complete data are used
to describe the case when the beams are sufficiently wide to fully embrace the
object and when the beams from a sufficiently dense set of directions around
the object can be used. Under these conditions, the problem of tomographic
reconstruction and its solution are well understood [Nat01]. Roughly speaking,
the data collected from a CT scanner can be modeled as the Radon transform
of the underlying density, i.e. the collection of line integrals of the density along
straight lines. Different methods have been proposed for CT imaging, the most
famous of which is the Filtered Back-Projection or FBP. Inversion of the Radon
transform is an ill-posed process and thus, reconstruction methods such as the
FBP or iterative algorithms are concerned with providing a stable solution to
the problem. Although these methods yield accurate results when full data is
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Figure 1: First X-ray image taken by Wilhelm Röntgen of his wife Anna Bertha’s
hand, 1895.

available, they are in general less useful when the data are more limited. There,
the image reconstruction problem becomes much more challenging.

Cases of limited data can occur for example when only a reduced range of
directions can be used or only a part of the object can be illuminated. On the
other hand, limited data cases are interesting to study because they might allow
to reduce the radiation dose when only a subregion of the 2D or 3D object is of
actual interest. The question is then whether a reconstruction of this subregion
can be obtained by using only beams that penetrate the subregion instead of
the full 2D or 3D object.

Reconstruction from limited data requires the identification of specific sub-
sets of line integrals that allow for an exact and stable reconstruction of some
specified subregion. One class of such configurations that have already been
identified, relies on the reduction of the 2D and 3D reconstruction problem
to a family of 1D problems. The Radon transform can be related to the 1D
Hilbert transform along certain lines by differentiation and back-projection of
the Radon transform data (Differentiated Back-Projection or DBP). Inversion
of the Hilbert transform along a family of lines covering a subregion of the object
(region of interest or ROI) then allows for the reconstruction within the ROI.

This method goes back to a result by Gelfand & Graev [GG91]. Its ap-
plication to tomography was formulated by Finch [Fin02] and was later made
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explicit for 2D in [NCP04, YYWW07, ZPS05] and for 3D in [PNC05, YZYW05,
ZLNC04, ZP04]. To reconstruct from data obtained by the DBP method, it is
necessary to solve a family of 1D problems which consist of inverting the Hilbert
transform data on a finite segment of the line. If the Hilbert transform Hf of
a 1D function f was given on all of R, then the inversion would be trivial, since
H−1 = −H. In case f is compactly supported, it can be reconstructed even if
Hf is not known on all of R. Due to an explicit inversion formula that can be
found e.g. in Tricomi [Tri85], f can be found from measuring Hf on only an
interval that covers the support of f . However, a limited field of view might
result in configurations in which the Hilbert transform is known on only a seg-
ment that does not completely cover the object support. Then, the question is
whether stable inversion is still possible.

This leads to the formulation of the main topic of the work presented here:
In 1D, given the compact support [a, b] of a function f and supposing its Hilbert
transform is measured on a segment [c, d] that does not contain the support of
f , we seek to analyze the inverse problem of reconstruction from these trun-
cated Hilbert transform data. In particular, we will discuss uniqueness of the
solution, the dependence on measurement errors in the Hilbert transform data
and possible stability estimates under a-priori assumptions on the solution f .
The core of this analysis lies in finding the spectral properties of the underlying
operator that can be written as P[c,d]HP[a,b] : L2([a, b])→ L2([c, d]), where PΩ

denotes the projection operator on the Borel set Ω. An old result by Koppelman
& Pincus [KP59] shows that when [a, b] coincides with [c, d] the spectrum of the
truncated Hilbert transform is continuous. We refer to this setup as the finite
Hilbert transform. In case the intervals [a, b] and [c, d] are disjoint, Katsevich
has found that the spectrum of the truncated Hilbert transform is countable and
that the singular values accumulate at zero, while the nullspace of the operator
is trivial [Kat10]. We refer to this case as the truncated Hilbert transform with
a gap. If [c, d] is a proper subset of [a, b], which corresponds to the so-called in-
terior problem, the spectrum of the underlying operator is again countable, but
the nullspace is not trivial, leading to non-uniqueness of the inversion problem
[Kat11]. Further findings by Katsevich & Tovbis [KT12] establish the behavior
of the singular systems {σn;un, vn} as n→∞ in these two cases.

A question that remained open until recently is the characterization of the
spectrum of the operator H∗THT , where HT = P[c,d]HP[a,b] and the intervals
overlap but no interval covers the other, i.e. c < a < d < b or a < c < b < d.
We call this the truncated Hilbert transform with overlap. In practice, only this
case and the interior problem are truly interesting. This is mainly because for
disjoint intervals [a, b] and [c, d] the inversion of the truncated Hilbert transform
is so unstable that one does not hope to recover a function f from measuring its
Hilbert transform only outside of the support of f . On the other hand, it will
not happen in practice that the intervals align perfectly, i.e. that [a, b] = [c, d].
Thus, from the four cases possible (see Fig. 2), only two are of practical interest.
This has motivated our study of the truncated Hilbert transform with overlap.

In our analysis of the operator HT , we draw on various mathematical con-
cepts. To facilitate the reading of the work presented in the following, we first
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(a) Finite Hilbert transform. (b) Interior problem.

(c) Truncated Hilbert transform with over-
lap.

(d) Truncated Hilbert transform with a gap.

Figure 2: The upper interval shows the support of the function f to be recon-
structed. The lower interval is the interval where measurements of the Hilbert
transform Hf are taken. This work investigates case (c).

provide an introduction of the basic principles and theories that are needed
therein. Chapter 1 comprises background on functional analysis, with a focus
on the spectral theorems for bounded and unbounded operators, and on linear
inverse problems. There we discuss the concepts of ill-posedness, regularization
and stability estimates. Section 1.3 addresses standard Sturm–Liouville theory,
i.e. the cases of regular and singular endpoints, but also – and this will be cru-
cial for our purposes – the less standard case where an interior singular point
is present. This is a special case of so-called two interval problems, for which
there is no general spectral theory, in contrast to standard (regular or singular)
Sturm–Liouville problems. We also present the concept of asymptotic analysis of
ordinary differential equations. This includes local analysis, meaning analysis of
solutions to Sturm–Liouville problems close to a singular point, as well as global
analysis, which is a term used for the analysis of solutions away from singular
points and as the corresponding eigenvalues tend to infinity. The last section of
Chapter 1 discusses the application motivating our research: 2D computerized
tomography. We explain the Filtered and Differentiated Back-Projection and
the role of the Hilbert transform in limited data problems. This opening chapter
should merely serve at providing preliminaries, which some readers might not
be familiar with. It does not contain any original contribution.

The novel findings of our studies are presented in Chapters 2 -5 and the
appendix, which contains technical proofs. The results of Chapter 2 are based
on finding a pair of self-adjoint differential operators LS and L̃S for which we
prove that their spectra are purely discrete and that they share an intertwining
property with the truncated Hilbert transform with overlap, i.e.

HTLS = L̃SHT .

This, together with some properties of the operator HT , is then used to obtain
the main result of this chapter (see Theorems 2.11 and 2.15):



6 INTRODUCTION

Theorem. The eigenfunctions un of LS, n ∈ Z, together with
vn := HTun/‖HTun‖L2([c,d]) and σn := ‖HTun‖L2([c,d]) form the singular value
decomposition for HT :

HTun = σnvn,

H∗T vn = σnun.

The values 0 and 1 are accumulation points of the singular values of HT .

Based on these results, Chapter 3 deals with the question of how the sin-
gular system behaves asymptotically, meaning as n→ ±∞. For this, we revisit
the Sturm–Liouville problem LSun = λnun, for which the Wentzel–Kramer–
Brillouin (WKB) theory can be applied to find the behavior of un for large
n and away from singular points. In combination with local analysis close to
singular points, derived in [KT12], this leads to finding the asymptotics of the
un and consequently, of the singular values σn of HT . In this analysis, the cases
σn → 0 and σn → 1 need to be addressed separately. However, we use a
transformation to deduce the behavior for σn → 1 from the case σn tending to
zero. The asymptotic behavior is of exponential nature in both cases and can
be summarized as follows (see Theorems 3.6 and 3.8):

Theorem. The singular values σn, n ∈ N, of HT that accumulate at zero,
behave asymptotically like

σn = 2e−nπK(1 + O(n−1/2+δ)),

for some small δ > 0 and where the constant K is given explicitly in terms of
the intervals [a, b] and [c, d]. The singular values σ−n, n ∈ N, accumulating at
1 have the following asymptotic behavior

σ−n = 1− 2e−2nπ/K(1 + O(n−1/2+δ)).

In Chapter 4, we discuss lower bounds on ‖Hf‖L2(J) in dependence of f
under a-priori assumption on the variation of f . Here, supp f = I and I, J ⊂
R are such that they are either disjoint or overlap, i.e. PJHPI corresponds
to either the truncated Hilbert transform with a gap or with overlap. More
precisely, Helly’s selection theorem allows to show the existence of a positive
function h : [0,∞)→ R+ such that the following holds (see Theorem 4.2):

Theorem. Let f ∈ BV (I). Then,

‖Hf‖L2(J) ≥ h
( |f |TV
‖f‖L2(I)

)
‖f‖L2(I),

where |·|TV denotes the total variation of f .

Further results are then obtained based on the asymptotic analysis of the
singular system, allowing to give explicit functions for h. Theorems 4.4 and 4.5
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state that the above inequality holds if the dependence of h on f is slightly
changed and h is chosen to be

h

(‖f ′‖L2(I)

‖f‖L2(I)

)
= c1 exp

(
−c2
‖f ′‖L2(I)

‖f‖L2(I)

)
and

h

(
|f |2TV
‖f‖L2(I)

)
= c1 exp

(
−c2

|f |2TV
‖f‖2L2(I)

)
,

respectively, where ci are some constants depending on I and J. It remains an
open question, whether it is possible to find a bound involving |f |TV instead of
its square or ‖f ′‖L2(I). The estimates we have obtained are of interest, because
they allow to formulate stability estimates for the reconstruction from truncated
Hilbert transform data. We obtain such an estimate in Corollary 4.6. Finally,
while the above inequalities hold in both cases of the truncated Hilbert transform
with a gap and with overlap, we find an improved statement for the case of
overlapping intervals, see Theorem 4.7.

Regularization of ill-posed operator equations involves a-priori assumptions
on the true solution. Our findings suggest that assuming a bound on the total
variation of the true solution might be a good choice, as this allows to guarantee
stable reconstruction. On the other hand, functions of bounded variation are
an intuitive choice for our search space as they provide a good model in medical
imaging and have been used as such before, see e.g. [SP08].

In the final chapter, we attempt to illustrate regularized reconstruction from
truncated Hilbert transform data numerically. For this purpose, we test inver-
sion in 1D with two methods: Tikhonov regularization and a TV minimization
algorithm proposed by Loris & Verhoeven in [LV11]. Inversion on a family of
parallel lines is then combined with the DBP method to obtain reconstruction
in 2D. These initial tests suggest that, as one would expect, satisfactory results
are achieved only on the overlap I∩J of the two intervals, which corresponds to
the region of interest. In addition, Tikhonov regularization results in artifacts
close to the points of truncation, which is a behavior that can be traced back to
the nature of the singular functions. With TV minimization, a non-SVD based
method, these artifacts seem to be absent.

Chapters 2, 3 and 4 are the result of joint work with Michel Defrise (Chapter
3), Alexander Katsevich (Chapter 2 and 3) and Stefan Steinerberger (Chapter
4).
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10 CHAPTER 1. PRELIMINARIES

The following should provide a brief summary of the theory that will be
relevant for the statement of the results in the sequel chapters. For the sake
of brevity, we omit the proofs of the theorems stated in this chapter as it does
not include original work. Proofs and a detailed treatment on these subjects
can be found in Reed & Simon [RS72] and the lecture notes [Kow] for Section
1.1. The theory discussed in 1.2 is mainly taken from the book by Engl, Hanke
& Neubauer [EHN96] and the work by Bertero, De Mol & Viano [BDMV80].
Sturm–Liouville theory (Section 1.3) is the subject of Zettl [Zet05] and the
books by Erdelyi [Erd55] and Bender & Orszag [BO99] provide a treatment of
the asymptotic analysis of ODEs, which is the subject of Section 1.3.5. Section
1.4 relies on Natterer [Nat01].

1.1 Functional analysis

1.1.1 Bounded operators

We consider Hilbert spaces X and Y and bounded linear operators T : X → Y .
The operator of interest to us, HT : L2(I)→ L2(J) for finite intervals I, J ⊂ R,
is an instance of such a bounded linear operator. Since in Chapter 2 we show
new results on the spectral properties of HT , we now want to introduce the
concepts of norm, adjoint, spectrum, resolvent, kernel, range and compactness
of bounded linear operators, needed in the discussion on the spectral properties
of HT . We first start by giving the definition of bounded linear operators.

Definition 1.1. A bounded linear operator T : X → Y is a mapping from X
into Y that satisfies

1. T (a · u1 + b · u2) = a · Tu1 + b · Tu2 for all u1, u2 ∈ X, a, b ∈ R or C and

2. for some constant c ≥ 0: ‖Tu‖Y ≤ c‖u‖X for all u ∈ X.

One can show the following

Theorem 1.2. The space of bounded linear operators L(X,Y ) equipped with
the norm

‖T‖ = sup
u6=0

‖Tu‖Y
‖u‖X

is a Banach space.

Next, we define the kernel, range and Hilbert space adjoint of an operator
T ∈ L(X,Y ).

Definition 1.3 (Kernel and range).

1. The kernel of T , denoted by Ker T , is the set of all vectors u ∈ X for
which Tu = 0.
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2. The range of T , denoted by Ran T , consists of all vectors v ∈ Y for which
there exists an element u ∈ X such that Tu = v.

The set Ker T is a closed subspace of X; Ran T is a subspace of Y that is
not necessarily closed.

Definition 1.4 (Hilbert space adjoint). Let 〈·, ·〉 denote both the inner product
〈·, ·〉X in X and 〈·, ·〉Y in Y . The Hilbert space adjoint or adjoint of T in short,
is the operator T ∗ : Y → X that satisfies

〈Tu, v〉 = 〈u, T ∗v〉

for all u ∈ X, v ∈ Y .

Definition 1.5 (Self-adjointness). Let T ∈ L(X,X). Then, T is self-adjoint if
and only if T = T ∗.

Theorem 1.6. Let T and S be in L(X,Y ). Then,

1. (TS)∗ = S∗T ∗,

2. (T ∗)∗ = T .

3. If T has a bounded inverse, then the inverse of T ∗ is also bounded and
(T ∗)−1 = (T−1)∗.

4. ‖T ∗T‖ = ‖T‖2.

As a next step, we introduce the spectrum of a bounded linear operator
T ∈ L(X,X), a concept that is fundamental for understanding the nature of
the operator itself. Let I denote the identity operator and det the determinant
of an operator on Cn. For finite-dimensional operators the spectrum consists
of all complex numbers λ for which det(λI − T ) = 0. For infinite-dimensional
operators the spectrum is more complicated than this. More precisely, it can be
described as follows.

Definition 1.7 (Resolvent and spectrum). For an operator T ∈ L(X,X) we
consider λI−T for λ ∈ C. The set of all λ such that λI−T is a bijection, is called
the resolvent set ρ(T ). The spectrum σ(T ) is then defined as the complement of
ρ(T ) in C, i.e. σ(T ) = C\ρ(T ).

The resolvent set ρ(T ) ⊂ C is an open set, while σ(T ) is closed. By the
inverse mapping theorem, λI − T being bijective already implies the existence
of a bounded inverse (λI − T )−1. The spectrum of an operator T ∈ L(X,X)
can be characterized by three subsets:
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Definition 1.8. 1. Point spectrum: If λI − T is not injective, i.e. there
exists u 6= 0 such that Tu = λu, then λ is said to be an eigenvalue of T
with eigenfunction u.

2. Continuous spectrum: This is the set of all values λ for which λI − T is
injective, while Ran(λI − T ) is dense but not closed in X.

3. Residual spectrum: If λ is not an eigenvalue of T , but Ran(λI −T ) is not
dense in X, then it is said to belong to the residual spectrum of T .

Values λ for which (λI − T )∗(λI − T ) is not bounded below by a strictly
positive constant are sometimes also called generalized eigenvalues, because they
have the property that there exists a sequence of normalized vectors un in X
for which ‖Tun − λun‖ → 0. The collection of these values λ is denoted as
the approximate point spectrum. If T is normal, i.e. T ∗T = TT ∗, then the
approximate point spectrum is the spectrum σ(T ).

The following theorem describes the properties of the spectrum for the spe-
cial case of self-adjoint operators T in L(X,X):

Theorem 1.9. Let r(T ) denote the spectral radius of T defined by

r(T ) := sup
λ∈σ(T )

|λ|.

Then,

1. r(T ) = ‖T‖.

2. The residual spectrum of T is empty.

3. σ(T ) ⊂ R.

4. Eigenfunctions for distinct eigenvalues are orthogonal.

An important subclass of bounded linear operators are compact operators.
They can be defined as follows:

Definition 1.10 (Compact operators). T ∈ L(X,Y ) is a compact operator if
and only if for every bounded sequence {un} ⊂ X, {Tun} has a convergent
subsequence in Y .

Compact operators have very special spectral properties that can be sum-
marized in two theorems:

Theorem 1.11 (Riesz–Schauder theorem). For the spectrum σ(C) of a compact
operator C ∈ L(X,X) the following holds:



1.1. FUNCTIONAL ANALYSIS 13

1. If dim X =∞, then 0 ∈ σ(C),

2. σ(C) is a discrete set,

3. λ = 0 is the only possible accumulation point in σ(C),

4. any nonzero λ ∈ σ(C) is an eigenvalue of finite multiplicity.

Theorem 1.12 (Hilbert–Schmidt theorem). For every self-adjoint compact op-
erator C on X there exists a complete orthonormal system {un}Nn=1 of (Ker C)⊥,
such that

Cun = λnun,

where λn are the eigenvalues of C. In the case dim (Ran C) =∞ the eigenvalues
λn tend to zero as n → ∞. If X is separable, the {un}Nn=1 form a complete
orthonormal system of X.

Thus, C has the following spectral representation

C =

N∑
n=1

λn〈un, ·〉un,

where the sum is infinite if dim(Ran C) =∞ and finite otherwise.
In the case of a compact operator C that is not self-adjoint the singular value

decomposition allows for a similar spectral representation:

Theorem 1.13. A compact operator C : X → Y can be represented by

C =

N∑
n=1

σn〈un, ·〉vn,

for orthonormal sets {un}Nn=1 in X and {vn}Nn=1 in Y and positive real numbers
σn, n = 1, . . . , N . As in the self-adjoint case, the above sum may be finite or
infinite.

The elements un and vn in X are called the singular functions and σn are
the singular values of C.

In applications, a large class of operators encountered in inverse problems
turn out to be compact. The solution of such inverse problems is difficult in
the case of compact operators, because of the possible accumulation point of
the singular values at zero. We will further outline this in Section 1.2 on linear
inverse problems.

The Riesz–Schauder theorem together with the Hilbert–Schmidt theorem
state the spectral theory of compact self-adjoint operators on Hilbert spaces.
For general bounded self-adjoint linear operators it is no longer guaranteed that
the eigenvalues together with the corresponding eigenfunctions are sufficient to
describe the operator. For instance, the multiplication operator Tx : L2([0, 1])→
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L2([0, 1]), Txf(x) = xf(x) has no eigenvalues. Instead, a more general statement
can be made by including the continuous spectrum. We present two equivalent
forms of the spectral theorem for self-adjoint bounded linear operators. The first
one states that every self-adjoint bounded operator is a multiplication operator
on a suitable measure space. For compact operators, this property can be easily
seen from the spectral theory stated above. Let for any element u ∈ X,

Cu =
∑
n≥1

λn〈un, u〉un

be the spectral representation of the compact operator C and assume for simplic-
ity that all eigenvalues of C are nonzero and distinct. Next, we define a finite
measure space (M,µ) as M = {λ1, λ2, λ3, . . . } and µ the counting measure.
Furthermore, let U : X → L2(M,dµ) be defined as U(u) = {〈u, un〉 : n ≥ 1}.
Then there exists a function g ∈ L∞(M,dµ) given by g(λ) = λ such that for all
f ∈ L2(M,dµ)

(UCU−1)f(x) = g(x)f(x)

for almost all x ∈M . In this more general form, the spectral theorem holds for
self-adjoint bounded but not necessarily compact operators:

Theorem 1.14 (Spectral theorem for self-adjoint bounded operators). Let X be
a separable Hilbert space and T ∈ L(X,X). Then there exist measures {µn}Nn=1

on σ(T ) and a unitary operator U

U : X →
N⊕
n=1

L2(R, dµn)

such that
(UTU−1f)n(λ) = λfn(λ),

where f(λ) = (f1(λ), . . . , fN (λ)). As before, N ∈ N ∪∞.

A consequence of this theorem is the existence of a finite measure space
(M,µ), a unitary operator U : X → L2(M,dµ) and a bounded function g ∈
L∞(M,dµ) such that for all f ∈ L2(M,dµ)

(UTU−1)f(x) = g(x)f(x)

for almost all x ∈M . The measure µ is obtained through the continuous func-
tional calculus together with the Riesz–Markov theorem. The continuous func-
tional calculus introduces functions of operators, i.e. it makes sense of the notion
f(T ) for f a continuous function and T a self-adjoint bounded operator. For

polynomials f(x) =
∑N
n=1 anx

n, f(T ) is simply defined as f(T ) =
∑N
n=1 anT

n.
The continuous functional calculus is an extension of this definition to general
continuous functions f . For the sake of brevity, we refer to [RS72] for an in-
troduction to the continuous functional calculus and assume here that f(T ) is
a well-defined quantity. The Riesz–Markov theorem then states that to every
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positive bounded linear functional 〈u, f(T )u〉, for fixed u ∈ X, there exists a
unique Radon measure µu.

This concept can be further generalized to bounded Borel functions f leading
to the functional calculus form of the spectral theorem (see Theorem VII.2 in
[RS72]). The extension to Borel functions allows to include characteristic func-
tions χΩ of Borel sets Ω ⊂ R and with them, we can define spectral projections
of self-adjoint bounded operators:

Definition 1.15 (Spectral projection). Let T be a self-adjoint bounded operator
and Ω ⊂ R a Borel set. Then, PΩ ≡ χΩ(T ) is a spectral projection ot T .

The spectral projections of T have the following properties:

Proposition 1.16. For a self-adjoint bounded operator T and its family of
spectral projections {PΩ,Ω ⊂ R a Borel set} the following holds:

1. Each PΩ is an orthogonal projection.

2. P∅ = 0.

3. For some a ∈ R, P(−a,a) = I.

4. If Ω =
∞⋃
n=1

Ωn for pairwise disjoint Ωn, then

lim
n→∞

‖PΩ −
N∑
n=1

PΩn‖ = 0.

5. PΩ1PΩ2 = PΩ1∩Ω2 .

A family with such properties is called a projection-valued measure. For a
projection-valued measure PΩ the expression 〈u, PΩu〉 defines a measure for any
u ∈ X. Let d〈u, PΩu〉 denote integration with respect to this measure. Then,
the spectral theorem can be alternatively formulated as follows:

Theorem 1.17 (Spectral theorem for bounded self-adjoint operators). Let PΩ

be a projection-valued measure and let f be a bounded Borel function on supp PΩ.
Then, there is a unique operator f(T ) denoted by

∫
f(λ)dPλ such that for all

u ∈ X
〈u, f(T )u〉 =

∫
f(λ)d〈u, Pλu〉.
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Moreover, there is a one-to-one correspondence between self-adjoint bounded
operators T and bounded projection-valued measures {PΩ} given by

T 7→ {PΩ} = {χΩ(T )},

{PΩ} 7→ T =

∫
σ(T )

λdPλ.

Projection-valued measures give information on the spectrum. In fact, λ ∈
σ(T ) if and only if for all ε > 0, P(λ−ε,λ+ε)(T ) 6= 0. Alternatively to Defini-
tion 1.8 the projection-valued measures allow for a different classification of the
spectrum.

Definition 1.18. The spectrum of a self-adjoint bounded operator can be de-
composed into the following two subsets:

1. Essential spectrum: λ is in the essential spectrum of T if and only if for
all ε > 0, P(λ−ε,λ+ε)(T ) is infinite dimensional.

2. Discrete spectrum: If λ ∈ σ(T ), but there exists some ε > 0 for which
P(λ−ε,λ+ε)(T ) is finite dimensional, λ is said to be in the discrete spectrum
of T .

Another way of defining the discrete spectrum is that it consists precisely of
the eigenvalues of finite multiplicity which are isolated points in the spectrum,
meaning that for some ε > 0: (λ− ε, λ+ ε) ∩ σ(T ) = {λ}.

A self-adjoint bounded linear operator T on a separable Hilbert space X,
for which the eigenfunctions corresponding to the eigenvalues in the discrete
spectrum form an orthonormal basis of X, can be thus represented similarly to
a compact operator. Given its eigenvalues and eigenfunctions {λn;un}Nn=1, we
obtain

T =

N∑
n=1

λn〈un, ·〉un,

where N may be finite or infinite, depending on the dimension of X.

1.1.2 Unbounded operators

We now turn to unbounded operators that arise in Chapter 2 as differential
operators sharing an intertwining property with the truncated Hilbert transform
HT . The perhaps most important observation in connection with unbounded
operators is revealed by the Hellinger–Toeplitz theorem that states that an
unbounded symmetric linear operator A : X → X cannot be defined everywhere
on the Hilbert space X.

Theorem 1.19 (Hellinger–Toeplitz theorem). Let A be a linear everywhere-
defined operator on a Hilbert space X that is symmetric, i.e. 〈u1, Au2〉 =
〈Au1, u2〉 for all u1, u2 ∈ X. Then, A is bounded.
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As a consequence, an unbounded operator A on a Hilbert space X needs
to be defined as a map from a linear subspace of X into X. This subspace is
denoted by D(A), the domain of A. The reason that D(A) plays a crucial role in
the study of unbounded operators is that the properties of A are very sensitive
to the choice of the domain. One such property is the spectrum. As we will see
the spectral theorem will hold for self–adjoint but not for symmetric operators,
two notions that we will now introduce and that depend on the domain of the
operator. First, we the notion of adjoint:

Definition 1.20 (Adjoint). Let A : X → X be a densely defined linear operator
and let D(A∗) be the set of all v ∈ X for which there exists a w ∈ X such that
for all u ∈ D(A)

〈Au, v〉 = 〈u,w〉.
For each such v ∈ D(A∗) we define A∗v = w and call A∗ the adjoint of A.

Definition 1.21 (Symmetric operator). A densely defined operator A on a
Hilbert space X with domain D(A) is symmetric if and only if for all u1, u2 ∈
D(A)

〈Au1, u2〉 = 〈u1, Au2〉.
Equivalently, A is symmetric if and only if D(A) ⊂ D(A∗) and Au = A∗u for
all u ∈ D(A). This is denoted by A ⊂ A∗.
Definition 1.22 (Self-adjoint operator). An operator A : X → X is called
self-adjoint if A = A∗, i.e. if and only if A is symmetric and D(A) = D(A∗).

The following theorem formulates a basic criterion for self-adjointness:

Theorem 1.23. For a symmetric operator A on a Hilbert space X, the following
properties are equivalent:

1. A is self-adjoint.

2. A is closed and Ker (A∗ ± i) = {0}.

3. Ran (A± i) = X.

Let us also give the definitions of a closed operator and an extension of an
operator.

Definition 1.24 (Closed operator). The graph Γ(A) of a linear operator A is
the set of pairs

{(u,Au), u ∈ D(A)}.
If Γ(A) is a closed subset of X ×X, A is called a closed operator.

Definition 1.25 (Extension of an operator). Let Ã and A be operators on X.
Then Ã is said to be an extension of A and we write Ã ⊃ A, if and only if
Γ(Ã) ⊃ Γ(A). Alternatively, Ã ⊃ A if and only if D(Ã) ⊃ D(A) and for all
u ∈ D(A), Ãu = Au.
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Definition 1.26 (Closure of an operator). We say that an operator A is clos-
able, if it has a closed extension. For every closable operator there is a smallest
closed extension, which is called the closure of A.

As for bounded operators, we can define the resolvent set and the spectrum
of an unbounded operator.

Definition 1.27 (Resolvent set). For a closed operator A on a Hilbert space
X, we say that λ ∈ C is in the resolvent set ρ(A), if and only if λI − A is a
bijection of D(A) onto X with a bounded inverse. For λ ∈ ρ(A), the operator
Rλ(A) = (λI −A)−1 is called the resolvent of A at λ.

The spectrum, point spectrum, continuous spectrum and residual spectrum
are then defined in the same way as for bounded operators. With some modi-
fication, also the spectral theorem holds for unbounded operators. In its mul-
tiplication form, it again states that a self-adjoint operator is a multiplication
operator on a suitable measure space – but now with the difference that the
function multiplied by is no longer bounded.

Theorem 1.28 (Spectral theorem for self-adjoint unbounded operators). Let
X be a separable Hilbert space and let A be a self-adjoint operator on X with
domain D(A). Then there exist a finite measure space (M,µ), a unitary operator
U : X → L2(M,dµ) and a real-valued function g on M that is finite a.e. such
that

1. u ∈ D(A) if and only if g(·)(Uu)(·) ∈ L2(M,dµ),

2. if f ∈ U [D(A)], then

(UAU−1f)(x) = g(x)f(x).

Alternatively, we can again formulate the spectral theorem in the projection-
valued measure form. As in the bounded case, let PΩ be defined as the operator
χΩ(A), where χΩ is the characteristic function on the Borel set Ω ⊂ R. Then,
the family {PΩ} has very similar properties as in the case of bounded A. The
only difference is that in view of the unboundedness of A and its spectrum, the
requirement that P(−a,a) = I for some a ∈ R is now replaced by P(−∞,∞) = I.
The properties of {PΩ} are thus:

1. Each PΩ is an orthogonal projection.

2. P∅ = 0, P(−∞,∞) = I.

3. If Ω =
∞⋃
n=1

Ωn for pairwise disjoint Ωn, then lim
n→∞

‖PΩ −
∑N
n=1 PΩn‖ = 0.

4. PΩ1
PΩ2

= PΩ1∩Ω2
.
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As before, 〈u, PΩu〉 defines a Borel measure on R for u ∈ X. Let g be an
unbounded real-valued Borel function and define

Dg = {u,
∫ ∞
−∞
|g(λ)|2d〈u, PΩu〉 <∞}.

Then, the spectral theorem in its projection-valued measure form can be for-
mulated as follows:

Theorem 1.29 (Spectral theorem for unbounded operators). There is a one-
to-one correspondence

A =

∫ ∞
−∞

λdPλ

between self-adjoint operators A and projection-valued measures {PΩ} on X.
For real-valued Borel functions g(·) on R,

g(A) =

∫ ∞
−∞

g(λ)dPλ

defined on Dg is self-adjoint.

1.2 Linear inverse problems

The following summarizes some of the results in Chapters 2–4 in [EHN96], to
which we refer for a more detailed treatment and proofs.

A problem is said to be an inverse problem, when it is inverse to another,
direct or forward problem. For example, the prediction of the future behavior of
a physical system from its present state, would be considered a forward problem.
Starting from a desired future state and asking what the underlying current state
of the system has to be in order to reach the desired state in the future would
be regarded as an inverse problem. In computerized tomography, the forward
problem is usually formulated as finding the Radon measurements given the
object density. The problem inverse to this is the reconstruction of the object
density given the Radon measurements that are output by the system.

A linear inverse problem can be formulated as follows. Given a bounded
linear operator T : X → Y , for Hilbert spaces X and Y , the task is to find
f ∈ X for given g ∈ Y in

Tf = g. (1.1)

A wide range of inverse problems is ill-posed, meaning that they do not fulfill
the three criteria of well-posedness:

Definition 1.30 (Hadamard’s well-posedness criteria). A problem is said to be
well-posed if and only if it has the following properties:

1. For all admissible data g ∈ Y , a solution f ∈ X exists, i.e. Ran T = Y .
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2. For all admissible data g ∈ Y , the solution is unique, i.e. Ker T = {0}.

3. The solution depends continuously on the data, i.e. T−1 ∈ L(Y,X).

Even when a solution does not exist, one might still be interested in an
approximate solution in some sense. Also, if the solution is not unique, one could
ask for a specific solution that fulfills additional requirements. It is therefore
customary to extend the notion of the inverse to a generalized inverse of T . For
this, we first introduce the best-approximate solution:

Definition 1.31 (Least-squares and best-approximate solutions).

1. An element f ∈ X is called a least-squares solution of Tf = g if and only
if

‖Tf − g‖ = inf{‖Th− g‖ : h ∈ X}

2. The least-squares solution f ∈ X of Tf = g with minimal norm, i.e. with

‖f‖ = inf{‖h‖ : h is least-squares solution of Tf = g}

is called best-approximate solution.

Next, we define the Moore–Penrose generalized inverse of T , which is the
operator mapping g onto the best-approximate solution of Tf = g.

Definition 1.32 (Moore–Penrose generalized inverse). For T ∈ L(X,Y ), let
T̃ : (Ker T )⊥ → Ran T , be the operator defined as the restriction of T to the
orthogonal complement of Ker T , i.e. T̃ := T |(Ker T )⊥ . Then, the Moore–

Penrose generalized inverse T † is the unique linear extension of T̃−1 to

D(T †) = Ran T ⊕ (Ran T )⊥

with Ker T † = (Ran T )⊥.

Theorem 1.33. Let g ∈ D(T †). Then, the best-approximate solution of Tf = g
exists and is unique. It is equal to

f† = T †g.

The set of least-squares solutions is given by f† + Ker T .

Theorem 1.34. Let g ∈ D(T †). Then, f ∈ X is a least-squares solution of
Tf = g if and only if it solves the normal equation

T ∗Tf = T ∗g.

The best-approximate solution f† is the minimal norm solution of the above, i.e.

T † = (T ∗T )†T ∗.
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Theorem 1.35. The Moore–Penrose generalized inverse T † of T ∈ L(X,Y )
has a closed graph and T † is bounded if and only if Ran T is closed.

The generalized inverse can allow to find a solution or an approximation even
when (1) and (2) in Definition 1.30 are not fulfilled. However, the existence of
least-squares solutions to Tf = g is limited to right-hand sides g ∈ D(T †).
Thus, although the introduction of T † enforces uniqueness, it does not always
guarantee the existence of a solution. Moreover, as the last theorem states,
if Ran T is not closed, T † is an unbounded operator so that the generalized
inversion of T remains ill-posed. In particular, if for an operator T the kernel
is trivial, i.e. Ker T = {0} and the range is dense, i.e. Ran T = Y but Ran T
is not closed, then T̃ = T and D(T †) = Ran T . In this case T † is nothing else
than T−1, which is an unbounded operator.

To overcome this violation of property (3) of Hadamard’s well-posedness
criteria, regularization techniques can be an effective tool. Although no mathe-
matical technique can make an unstable problem become stable, regularization
methods provide a trade-off between accuracy and stability of the solution.

1.2.1 Regularization of ill-posed problems

We have introduced the notion of a generalized inverse T †. The best-approximate
solution to Tf = g is given by

f† = T †g. (1.2)

In most applications, the right-hand side g is not given exactly. Then, we are
only given an approximation gδ and a bound δ on the noise level such that∥∥g − gδ∥∥ ≤ δ. (1.3)

is guaranteed.
In the case of ill-posedness caused by a violation of property (3), T † is not

continuous. Thus, T †gδ is not necessarily a good approximation of T †g even if
it exists (which might not be the case since D(T †) $ Y ). Therefore, the notion
of regularization is introduced, which in broad terms means to approximate an
ill-posed problem by a family of well-posed problems. The aim is to find an
approximation of f† that on the one hand depends continuously on gδ in order
to compute it in a stable way. On the other hand, it should tend to f† as the
noise level δ approaches zero.

Instead of determining such an approximation only for a specific right-hand
side, the aim is rather to approximate the unbounded operator T † by a family
of continuous parameter-dependent operators {Rα}. This should be done in a
way such that for an appropriate choice of α = α(δ, gδ)

fδα := Rαg
δ

tends to f† for δ → 0.
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Definition 1.36. Let T : X → Y be a bounded linear operator between Hilbert
spaces and α0 ∈ (0,∞]. For every α ∈ (0, α0), let

Rα : Y → X

be a continuous operator. The family {Rα} is called a regularization for T † if
for all g ∈ D(T †) there exists a parameter choice rule α = α(δ, gδ) such that the
following holds:

lim sup
δ→0

{
∥∥Rα(δ,gδ)g

δ − T †g
∥∥ : gδ ∈ Y,

∥∥g − gδ∥∥ ≤ δ} = 0. (1.4)

The parameter choice rule

α : R+ × Y → (0, α0)

is such that

lim sup
δ→0

{α(δ, gδ) : gδ ∈ Y,
∥∥g − gδ∥∥ ≤ δ} = 0. (1.5)

For a specific g ∈ D(T †), a pair (Rα, α) is called a (convergent) regularization
method for solving Tf = g if (1.4) and (1.5) hold.

Thus, a regularization method consists of two components: a family of reg-
ularization operators and a parameter choice rule. It is convergent in the sense
that by choosing the regularization parameter according to the parameter choice
rule, the regularized solutions converge in the norm, as the noise level δ tends
to zero. If α depends only on δ, it is said to be an a-priori, otherwise an a-
posteriori parameter choice rule. Due to a theorem by Bakushinskii [Bak84], α
cannot depend on gδ only. The theorem states that in this case, convergence of
the regularization method implies the boundedness of T †, i.e. the well-posedness
of the problem. Thus, for regularization of an ill-posed problem α cannot be
chosen independently of δ.

The questions that arise are how to construct a family of regularization
operators and how to choose parameter choice rules that yield convergence.
The following proposition gives an answer to the first question.

Proposition 1.37. Let Rα be a continuous operator for all α > 0. Then, the
family {Rα} is a regularization of T † if

Rα
α→0−−−→ T † pointwise on D(T †).

In this case, for all g ∈ D(T †) there exists an a-priori parameter choice rule
α(δ) such that (Rα, α) is a convergent regularization method for Tf = g.

Thus, we need to construct the regularization operators Rα such that they
converge pointwise towards T †. We will now discuss linear regularization meth-
ods, meaning that the operators Rα are linear operators, based on spectral
theory of self-adjoint linear operators. Although we only consider problems for
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which T is linear, it does also make sense to consider non-linear regularization
methods. One example is a version of the conjugate gradient method.

Let {Pλ} be the family of spectral projections of T ∗T . If T ∗T is continuously
invertible, then (T ∗T )−1 =

∫
1
λdPλ. By Theorem 1.34 the best-approximate

solution is given by

f† =

∫
1

λ
dPλT

∗g. (1.6)

If Ran (T ) is not closed, the problem is ill-posed and the above integral has a
pole at 0. The crucial idea of regularization is to replace 1/λ by a family of
functions {sα(λ)} that have to fulfill some continuity conditions. We can now
replace (1.6) by

fα :=

∫
sα(λ)dPλT

∗g

and define the family of regularization operators according to

Rα :=

∫
sα(λ)dPλT

∗. (1.7)

The following theorem states under which assumptions on {sα} the convergence
can be guaranteed:

Theorem 1.38. Let for all α > 0, sα : [0, ‖T‖2] → R be piecewise continuous
and constructed in the way that there is a constant C > 0 such that for all
λ ∈ (0, ‖T‖2]

|λsα(λ)| ≤ C

and

lim
α→0

sα(λ) =
1

λ
.

Then, we have that for all g ∈ D(T †)

lim
α→0

fα = f†

holds.

Since the operator Rα is continuous,
∥∥g − gδ∥∥ ≤ δ implies the boundedness

of the error between fα and

fδα :=

∫
sα(λ)dPλT

∗gδ.

Next,

rα(λ) := 1− λsα(λ)

is defined and the following convergence result for a-priori parameter choice
rules can be stated:
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Proposition 1.39. Let sα fulfill the assumptions of Theorem 1.38 and assume
that µ > 0. Furthermore, let for all α ∈ (0, α0) and λ ∈ [0, ‖T‖2] and some
cµ > 0

λµ|rα(λ)| ≤ cµαµ (1.8)

hold. If
Gα := sup{|sα(λ)| : λ ∈ [0, ‖T‖2]} = O(α−1) as α→ 0

and the so-called source condition

f† ∈ Ran((T ∗T )µ) (1.9)

is satisfied, then the parameter choice rule according to

α ∼ δ 2
2µ+1

yields ∥∥fδα − f†∥∥ = O(δ
2µ

2µ+1 ).

Source conditions usually imply smoothness and boundary conditions on the
exact solution. An example for how to choose {sα} is

sα(λ) :=

{
1/λ λ ≥ α,
0 λ < α.

This method is called truncated singular value decomposition. The assumptions
of the previous propositions hold with C = 1, cµ = 1, arbitrary µ > 0 and
Gα = 1/α. In general, knowledge about the smoothness of the exact solution is
not given, making it impossible to determine a value µ > 0 such that the source
condition (1.9) holds. In such cases, a-posteriori parameter choice rules are more
suitable. The most common a-posteriori choice rule is Morozov’s discrepancy
principle which can be formulated as follows:
For sα fulfilling the same assumptions as in Theorem 1.38 and a constant τ
chosen according to

τ > sup{|rα(λ)| : α > 0, λ ∈ [0, ‖T‖2]},

the regularization parameter defined by the discrepancy principle is

α(δ, gδ) := sup{α > 0 :
∥∥Tfδα − gδ∥∥ ≤ τδ}. (1.10)

Remark 1.40. The underlying idea of the discrepancy principle is the fact that
since the right-hand side of Tf = g is known only up to a noise level δ, it
does not make sense to search for an approximate solution f̃ with a residual∥∥∥T f̃ − gδ∥∥∥ < δ. We should ask only for a solution such that the residual is of

order δ. In addition, a smaller regularization parameter implicates less stability,
which is why we take the largest possible value for α. This is what is done by
using the discrepancy principle.



1.2. LINEAR INVERSE PROBLEMS 25

Theorem 1.41. The regularization method (Rα, α) where α is defined by (1.10)
is convergent for all g ∈ Ran (T ). Moreover, if the true solution fulfills the
source condition f† ∈ Ran ((T ∗T )µ), we have∥∥∥fδα(δ,gδ) − f†

∥∥∥ = O(δ
2µ

2µ+1 ) (1.11)

for all µ ∈ (0, µ0 − 1/2]. Here, µ0 denotes the largest number µ for which (1.8)
holds.

This theorem is based on a result by Plato [Pla90] that states the following:
A regularization method for which there is a µ > 0 such that the source condition
f† ∈ Ran ((T ∗T )µ) always guarantees the rate (1.11), is a convergent method
for all g ∈ Ran T . The only requirements for this to hold is that the parameter
choice rule depends on the noisy right-hand side gδ and on a slightly larger
bound τδ for the noise level than δ, i.e. τ > 1. Thus, in order to guarantee
the convergence of the method without additional smoothness conditions on the
solution (which corresponds to the case µ = 0), an a-posteriori choice rule has
to be chosen.

Remark 1.42. It is sufficient, that the parameter choice rule α(δ, gδ) satisfies∥∥Tfδα − gδ∥∥ ≤ τδ ≤ ∥∥Tfδβ − gδ∥∥
for some β with α ≤ β ≤ 2β. This is crucial for the numerical realization of
the discrepancy principle.

We now introduce a very common regularization method, known as Tikhonov
regularization (see Chapter 5, [EHN96]). It is based on the choice

sα(λ) :=
1

λ+ α
.

Due to the definition of fδα and since {λ+ α} are the eigenvalues of T ∗T + αI,
we have

fδα =

∫
sα(λ)dPλT

∗gδ = (T ∗T + αI)−1T ∗gδ, (1.12)

i.e.
(T ∗T + αI)fδα = T ∗gδ,

which can be regarded as a regularized form of the normal equation.
By applying Tikhonov regularization to a bounded linear operator T with com-
plete singular system (σn; vn, un), we obtain

fδα =

∞∑
n=1

σn
σ2
n + α

〈gδ, un〉vn.

Compared to the original singular value decomposition, the factor 1
σn

is now
replaced by σn

σ2
n+α which remains bounded as n→∞.
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Theorem 1.43. Let fδα be defined as in (1.12). Then it is the unique minimizer
of the Tikhonov functional

f 7→
∥∥Tf − gδ∥∥2

+ α ‖f‖2 . (1.13)

This theorem clearly shows what regularization does. One tries to find a
solution that on the one hand minimizes the residual as far as possible and on
the other hand enforces stability by introducing the penalty term ‖f‖. The
factor α ensures that the second term tends to 0 as the noise vanishes. An
immediate consequence of Theorem 1.41 is the following:

Corollary 1.44. In case that α(δ, gδ) is chosen according to the discrepancy
principle Tikhonov regularization converges for all g ∈ Ran T . If f† ∈ Ran ((T ∗T )µ),
the method yields (1.11).

1.2.2 Miller’s theory and stability estimates

A probably more intuitive approach to regularization alternative to the one
based on spectral theory outlined above has been proposed by Miller [Mil70]
and discussed in [BDMV80]. We assume here that T−1 exists and that we are
given a right-hand side gδ up to a noise level δ, i.e. ‖gδ − g‖ ≤ δ. The approach
is based on the observation that if T−1 is unbounded, the set

H(δ, gδ) := {f ∈ X : ‖Tf − gδ‖ ≤ δ}

is unbounded as well. Thus, even if an element f ∈ X has been found for which
the residual ‖Tf−gδ‖ is below δ, it might be far off from the exact solution fex.
Regularization can then be viewed as restricting the class of admissible solutions
to a set S(δ, gδ) ⊂ H(δ, gδ) by assuming prior knowledge on the solution. The
problem is said to be regularized if S(δ, gδ) collapses as gδ → g, i.e. as δ → 0.

The prior knowledge on the solution that will define the restriction S is
usually given in the form

‖Lf‖X ≤ κ (1.14)

for some κ > 0. The only requirement on L is that it is a densely defined operator
with a bounded inverse. A typical choice is L = I, which gives a constraint on
the norm of f . Other usual choices for L are differential operators. Then the
constraint is a smoothness condition on f . The parameters δ and κ have to be
such that Sκ(δ, gδ) is not empty.

In his work [Mil70], Miller has shown the following stability estimate. Let C
be the self-adjoint operator defined as

C = T ∗T +
( δ
κ

)2

L∗L.

Then, C is bounded below because L is, and thus the infimum of σ(C), denoted
by γ2(δ/κ) is strictly positive. For any given gδ, this allows to define

fδ = C−1T ∗g.
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The function fδ is the minimizer of the functional

Φ(f) = ‖Tf − gδ‖2 +
( δ
κ

)2‖Lf‖2.
Defining the distance of fδ to Sκ by

dS(δ, gδ, κ) = sup
f∈Sκ(δ,gδ)

‖f − fδ‖,

the stability estimate can be formulated as follows:

Theorem 1.45 (Stability estimate). There exists an upper bound on dS(δ, gδ, κ)
given by

dS(δ, gδ, κ) ≤
√

2
δ

γ(δ/κ)
.

Thus, if for fixed κ > 0, δ
γ(δ/κ) → 0 as the noise level δ tends to zero, the

estimated solution fδ tends to the exact solution fex, provided that ‖Lfex‖ ≤ κ.
We distinguish between Hölder continuity which corresponds to dS ∼ δβ for
some β ∈ (0, 1) and the poorer case of logarithmic continuity, where dS ∼
| ln δ|−β for β > 0.

It might be desirable to allow for more general choices than (1.14) of the as-
sumed prior knowledge. For example, one might assume that the total variation
‖f ′‖L1 of the solution is bounded by some κ > 0. In what is outlined above,
we only consider the case of an upper bound on ‖f ′‖X , whereas for the total
variation we would no longer consider the Hilbert space norm but the Banach
norm in L1, i.e. ‖f ′‖L1 . To ensure regularization in this case one can consider
Banach space methods, see Scherzer et al. [SGG+08]. Alternatively, if we are
interested in a specific operator T , as will be the case in Chapter 4, it suffices
to show – without using Theorem 1.45 – that the diameter of the set

Sκ(δ, gδ) = {f ∈ X : ‖Tf − gδ‖ ≤ δ ∧ ‖f ′‖L1 ≤ κ}

tends to zero as δ → 0. This then implies that with the a-priori knowledge
‖f ′ex‖L1 ≤ κ on the exact solution, any method (Rα, α) that guarantees

Rα(δ,gδ)g
δ ∈ Sκ(δ, gδ)

is a convergent regularization method.

1.3 Sturm–Liouville problems

As mentioned before, the operator of interest – the truncated Hilbert transform
HT – will be analyzed in Chapter 2 by relating it to second-order differential
operators, later to be denoted by LS and L̃S . To use this relation for finding
the SVD of HT , it will first be necessary to determine the spectra of LS and
L̃S . For this, some concepts and results on ODEs and Sturm–Liouville theory
are essential. We mainly follow [Zet05] in this section.
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Definition 1.46. Consider the open interval I = (a, b), for real numbers a < b.
The function spaces L1

loc(I) and ACloc(I) are given by

L1
loc(I) := {ψ : I → C : ψ ∈ L1([α, β]) for all subintervals [α, β] ⊂ I}

ACloc(I) := {ψ : I → C : ψ is absolutely continuous on all [α, β] ⊂ I}

Absolutely continuous functions are differentiable almost everywhere and
this derivative coincides with the weak derivative.

We consider second-order differential equations

− (pψ′)′ + qψ = λψ (1.15)

on an interval I = (a, b) and for 1/p, q ∈ L1
loc(I), λ ∈ C. There is the following

important characterization of the endpoints a and b:

Definition 1.47 (Regular and singular endpoints). The endpoint a is called
regular, if there is a point d ∈ I such that

1/p, q ∈ L1((a, d)).

Otherwise a is a singular endpoint. Similarly, b is a regular endpoint, if there
exists c ∈ I for which

1/p, q ∈ L1((c, b)).

Otherwise, b is called singular.

1.3.1 Regular Sturm–Liouville problems

Definition 1.48 (Regular Sturm–Liouville problem). A regular Sturm–Liouville
problem (SLP) consists of Equation 1.15 on I = (a, b) and for 1/p, q ∈ L1(I),
λ ∈ C, together with boundary conditions (BC) of the form

A

[
ψ(a)

(pψ)′(a)

]
+B

[
ψ(b)

(pψ)′(b)

]
= 0, (1.16)

where A,B are 2× 2 matrices with entries in C.

We will be mainly interested in self-adjoint SLPs and their spectral prop-
erties. For this, we consider the notion of minimal and maximal domains and
operators. Let L′min be defined as the restriction of the differential expression

Lψ = −(pψ′)′ + qψ

to the preminimal domain

D(L′min) = D′min := {ψ : I → C :ψ, pψ′ ∈ ACloc(I), ψ, Lψ ∈ L2(I),

ψ has compact support in I}.

This operator is closable and its closure, the minimal operator Lmin, is sym-
metric. We denote its domain by Dmin.

Next, the maximal domain and maximal operator are defined as follows:
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Definition 1.49. For a given differential expression L, the associated maximal
operator Lmax is its realization on the maximal domain

D(Lmax) = Dmax := {ψ : I → C : ψ, pψ′ ∈ ACloc(I), ψ, Lψ ∈ L2(I)}.

The self-adjoint realizations of L can then be characterized as the following
restrictions of Lmax:

Theorem 1.50 (Regular self-adjoint SLP). Consider regular SLPs as in Def-
inition 1.48. Let S be the restriction of Lmax obtained by adding boundary
conditions, i.e.

D(S) = {ψ ∈ Dmax : A

[
ψ(a)

(pψ)′(a)

]
+B

[
ψ(b)

(pψ)′(b)

]
= 0}

such that A and B are 2×2 matrices with entries in C. Then, S is a self-adjoint
operator if and only if

AEA∗ = BEB∗ (1.17)

and

rank (A : B) = 2, where E =

[
0 −1
1 0

]
(1.18)

and A : B denotes concatenation.

For our purposes, it suffices to consider separated self-adjoint BCs, which
are defined as follows:

Definition 1.51 (Separated self-adjoint BC). Consider boundary conditions of
the form (1.16). These conditions are called separated if they are of the form

A1ψ(a) +A2(pψ′)(a) = 0,

B1ψ(b) +B2(pψ′)(b) = 0

with A1, A2, B1, B2 ∈ R, (A1, A2) 6= (0, 0) and (B1, B2) 6= (0, 0).

Regular self-adjoint SLPs have very specific spectral properties. The follow-
ing theorem summarizes these results for the case of separated BCs.

Theorem 1.52 (Spectrum of regular self-adjoint SLP). Consider the regular
self-adjoint SLP

Sψ = λψ

with separated BCs and real-valued function p. Then, the spectrum σ(S) has the
following characteristics:

1. The spectrum is purely discrete, i.e. only consisting of real eigenvalues
that are isolated with no finite accumulation point. The number of eigen-
values is infinite but countable.
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2. The spectrum of S is simple, i.e. each eigenvalue has simple geometric
multiplicity.

3. If p changes sign on I, then the spectrum is unbounded below and above.
The eigenvalues can be ordered such that

· · · < λ−2 < λ−1 < λ0 < λ1 < λ2 < . . . ,

with λn → +∞ and λ−n → −∞ as n→∞.

4. If p > 0 on I, then σ(S) is bounded below, i.e.

−∞ < λ0 < λ1 < λ2 < . . .

and λn → +∞ as n → ∞. Furthermore, the eigenfunction un for the
eigenvalue λn is unique up to constant multiples and has exactly n zeros
in I, n ∈ N0. When normalized, the sequence {un}n∈N0 forms a complete
orthonormal system of L2(I).

5. If p > 0, the following asymptotic formula holds for λn:

λn → n2π2
(∫ b

a

1√
p(t)

dt
)−2

, as n→∞.

6. If p changes sign on I and we define R+(t) = 1/p(t) if p(t) > 0 and 0
otherwise, R−(t) = −1/p(t) if p(t) < 0 and 0 otherwise, the asymptotic
form transforms to:

λn → n2π2
(∫ b

a

√
R+(t)dt

)−2

, as n→∞

λn → −n2π2
(∫ b

a

√
R−(t)dt

)−2

, as n→ −∞.

1.3.2 Two-point singular Sturm–Liouville problems

In this section, we consider the case where a and b are both singular. We start
by stating the following on maximal and minimal domains in the singular case:

Lemma 1.53. The maximal and minimal domains are dense in L2(I). The
minimal operator is a closed, symmetric, densely defined operator and the asso-
ciated operators Lmin, Lmax form an adjoint pair, i.e.

L∗min = Lmax, L∗max = Lmin.
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When the endpoints a and b are singular, boundary conditions can no longer
be written in the form (1.16), as ψ might not exist at the endpoints. To start
our considerations that will lead to the characterization of singular self-adjoint
problems, we will first need to introduce classifications for singular endpoints.

Definition 1.54 (Limit-circle and limit-point). Consider the differential equa-
tion (1.15) on I = (a, b) for λ ∈ C, and 1/p, q ∈ L1

loc(I). Then, the endpoint a
is said to be limit-circle (LC) , if it is singular and all solutions of (1.15) are in
L2((a, d)) for some d ∈ (a, b). If a is singular but not LC, it is called limit-point
(LP) . An analogous definition is introduced at b.

Definition 1.55 (Oscillatory and nonoscillatory endpoints). If 1/p, q, λ are
real-valued and there exists a nontrivial real-valued solution of (1.15) with an
infinite number of zeros in any right neighborhood of a, then a is said to be
oscillatory (O) . Otherwise, a is called nonoscillatory (NO) .

One can show [Zet05], that the LC/LP classification is independent of λ ∈ C.
On the contrary, the O/NO classification depends on λ in general. However,
in the case of an LC endpoint and p > 0, the LCO and LCNO classification is
independent of λ ∈ C.

We will restrict our outline on self-adjoint extensions and their spectral prop-
erties to the case where both endpoints are either regular or LC, which we will
assume throughout this section. To find boundary conditions that yield self-
adjoint extensions, the notion of the Lagrange sesquilinear form [·, ·] is crucial.
For elements r, s ∈ Dmax it is defined as

[r, s] := rps′ − spr′ (1.19)

where s denotes the complex conjugate of s. From Green’s formula∫ β

α

(sLr − rLs)(x)dx = [r, s](β)− [r, s](α)

which holds for all r, s ∈ Dmax and α, β ∈ I, it follows that the limits

lim
α→a+

[r, s](α)

lim
β→b−

[r, s](β)

exist and are finite for all r, s ∈ Dmax.
With the Lagrange sesquilinear form, boundary conditions can be formulated

in the case of singular endpoints. For this, we need the notion of a BC basis

Definition 1.56 (BC basis). A BC basis at the endpoint a is a pair of real-
valued functions {r, s} such that r, s ∈ Dmax and they satisfy [s, r](a) = 1.
Similarly, a pair of real-valued maximal domain functions {w, z} is a BC basis
if [z, w](b) = 1. If {r, s} is a BC basis at both endpoints a and b, then it is called
a BC basis on I = (a, b).
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BC bases always exist. This can be seen by considering real-valued linearly-
independent solutions for a particular λ ∈ R and normalizing their Wronskian.
Having introduced BC bases, boundary conditions can now be formulated. Let
{r, s} be a BC basis at a and {w, z} a BC basis at b. Then, for complex-valued
2× 2 matrices A and B, we consider boundary conditions of the form

A

[
[ψ, r](a)
[ψ, s](a)

]
+B

[
[ψ,w](b)
[ψ, z](b)

]
=

[
0
0

]
. (1.20)

These conditions are well defined since the Lagrange sesquilinear form exists
for any pair of maximal domain functions. The following theorem allows for
the characterization of all boundary conditions (1.20) that are self-adjoint (note
that we always assume the endpoints to be LC).

Theorem 1.57 (Singular self-adjoint SLP). Consider the singular problem

Lψ = −(pψ′)′ + qψ,

i.e. 1/p, q ∈ L1
loc(I) and let {u, v} be a BC basis on I. Furthermore, assume

that A and B are complex-valued 2× 2 matrices that satisfy (1.17) and (1.18).
Then, the extension S of Lmin defined on the domain

D(S) = {ψ ∈ Dmax : (1.20) holds}

is self-adjoint and all self-adjoint extensions are generated this way.

For these singular self-adjoint SLPs , we state an extension of the results on
the spectrum given in (1.52) for the regular case.

Theorem 1.58 (Spectrum of singular self-adjoint SLP). 1. The spectrum of
every self-adjoint realization is real, discrete and consists of a countable
number of eigenvalues.

2. The spectrum may be bounded below or above, but not both.

3. If p changes sign on I, then the spectrum is unbounded below and above.

4. If p > 0 on I and each endpoint is either regular or LCNO, then the
spectrum is bounded below. The eigenvalues can be ordered and indexed
such that

−∞ < λ0 ≤ λ1 ≤ λ2 ≤ . . .
and λn → ∞ as n → ∞ (not allowing any multiplicity in the labeling,
i.e. for an eigenvalue with multiplicity k > 1, the eigenvalue is repeated k
times). The multiplicity of the eigenvalues is at most 2, thus equality in
the above cannot hold for three consecutively numbered eigenvalues.
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5. If p > 0 on I, each endpoint is either regular or LCNO and the boundary
conditions are separated, then the spectrum is bounded below and each
eigenvalue is simple, i.e.

−∞ < λ0 < λ1 < λ2 < . . .

The eigenfunction un corresponding to λn has exactly n zeros in I.

In the next section, we will consider more general singular SLPs for which
the above results will no longer hold. For this, we will later use the notion of
the deficiency indices of the minimal operator.

Definition 1.59 (Deficiency index). The deficiency indices d+ and d− of the
minimal operator Lmin are the dimensions of the kernels of Lmax − iI and
Lmax − iI, respectively. For real-valued coefficients p and q, these two indices
are equal, i.e. d+ = d−. We refer to this value as d and call it the deficiency
index of L on I.

Clearly,
0 ≤ d ≤ 2.

If both endpoints are LC, then d = 2:

Theorem 1.60. The deficiency index equals 2, if and only if neither endpoint
is LP.

1.3.3 Singular Sturm–Liouville problems on two intervals

So far, we have considered Sturm–Liouville problems for which the endpoints a
and b were the only possible singular points in I, meaning that 1/p, q ∈ L1

loc(I)
was guaranteed. In some cases, as for the SLP that will be treated in the next
chapters, also singular points in the interior of I might occur. More generally,
one can speak of singular SLPs on two intervals, where these intervals may be
disjoint, identical, overlap or abut. The two endpoints in the case of standard
SLPs are now replaced by four endpoints. In the case of abutting intervals,
the right endpoint of the left interval coincides with the left endpoint of the
right interval. For an example of such a problem, one can consider the SLP
on I = (a, b) with p(x) = (x − a)(x − c)(x − b) and q a continuous function
and c ∈ I. Then, a and b are singular endpoints and c is an interior singular
point. This makes it a two interval problem with the two intervals I1 = (a, c)
and I2 = (c, d). We also refer to c− as the right endpoint of I1 and to c+ as the
left endpoint of I2.

As for standard SLPs, we are interested in characterizing self-adjoint ex-
tensions in the case of two intervals, that we denote by I1 = (a1, b1) and
I2 = (a2, b2). Let I be the union of I1 and I2. One intuitive way to find
self-adjoint operators in the direct sum space L2(I) = L2(I1)+L2(I2) is by con-
sidering direct sums of self-adjoint operators from L2(I1) and L2(I2). However,
this does not find all possible self-adjoint extensions for two interval problems.
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There are others that allow for interaction between the two intervals. For the
consideration of the Sturm–Liouville problem presented in the following chap-
ters, this will be an essential property. For this purpose, we provide a very brief
summary of the characterization of all self-adjoint extensions as it is presented
in Chapter 13 of [Zet05].

Let 1/p1, q1 ∈ L1
loc(I1) and 1/p2, q2 ∈ L1

loc(I2) and consider the differential
expressions

L1ψ = −(p1ψ
′)′ + q1ψ on I1,

L2ψ = −(p2ψ
′)′ + q2ψ on I2.

Furthermore, letDj,min andDj,max denote the minimal and maximal domains on
Ij and let Lj min and Lj,max be the associated minimal and maximal operators.
Then, the minimal and maximal domains and operators of the two interval
problem are just the direct sums:

Definition 1.61 (Minimal and maximal domains and operators). The minimal
and maximal domains Dmin, Dmax ⊂ L2(I) and the operators Lmin, Lmax are
defined as

Dmin := D1,min +D2,min, Dmax := D1,max +D2,max,

Lmin := L1,min + L2,min, Lmax := L1,max + L2,max.

Lemma 1.62. The operators Lmin and Lmax form an adjoint pair, i.e. L∗min =
Lmax and L∗max = Lmin. The minimal operator is a closed, symmetric, densely
defined operator in L2(I) with deficiency index d = d1 + d2, where dj is the
deficiency index of Lj,min.

To consider self-adjoint extensions, the following definition is needed:

Definition 1.63. A set of functions r1, r2, . . . , rn, n ∈ N from the maximal do-
main is called linearly independent modulo the minimal domain, if no nontrivial
linear combination of r1, r2, . . . , rn is in the minimal domain.

For our purposes, it suffices to consider LC endpoints. This implies that the
deficiency index d equals 4. In this case, all self-adjoint extensions can be found
as:

Theorem 1.64 (Singular self-adjoint SLP on two intervals). Consider the case
d = 4 and let r = {r1, r2}, s = {s1, s2} be maximal domain functions on
I such that rj, sj are linearly independent modulo Dj,min. Furthermore, let
rj, sj be normalized such that [rj , sj ](c) = 1 for c = a1, b1, a2, b2. Then, all
self-adjoint extensions of the minimal operator Lmin are generated as follows:
Let A,B,C,D be complex-valued 4 × 2 matrices. The extension defined by the
boundary conditions

A

[
[ψ, r](a1)
[ψ, s](a1)

]
+B

[
[ψ, r](b1)
[ψ, s](b1)

]
+C

[
[ψ, r](a2)
[ψ, s](a2)

]
+D

[
[ψ, r](b2)
[ψ, s](b2)

]
=


0
0
0
0

 ,
(1.21)
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is self-adjoint if and only if

1. rank (A : B : C : D) = 4 and

2. AEA∗ −BEB∗ + CEC∗ −DED∗ = 0, E =

[
0 −1
1 0

]
.

One example for self-adjoint boundary conditions is the choice

A =


1 0
0 0
0 0
0 0

 , B =


0 0
1 0
0 1
0 0

 , C =


0 0
−1 0
h −1
0 0

 , D =


0 0
0 0
0 0
1 0

 , (1.22)

for any h ∈ R. These conditions can also be written as

[ψ, r](a1) = 0 = [ψ, r](b2), (1.23)

[ψ, r](b1) = [ψ, r](a2), (1.24)

[ψ, s](b1)− [ψ, s](a2) = h[ψ, r](a2), (1.25)

and will be used in the next chapters with h = 0 for finding a self-adjoint
operator LS that commutes with the truncated Hilbert transform HT . Note
that the above conditions yield an interaction between the two subintervals:
The restriction of a solution ψ to [a1, b1] is connected to its restriction to [a2, b2]
through the two conditions involving the endpoints b1 and a2.

Although the characterization of all self-adjoint extensions can be given ex-
plicitly, there is to our knowledge no result that guarantees that the spectrum
of all self-adjoint operators in the LC case is purely discrete. Since this is a
property that will be needed for the self-adjoint operator LS introduced later,
we show explicitly in Section 2.3 that the spectrum in this particular case is
purely discrete, i.e. that it only consists of countably many eigenvalues.

1.3.4 Local behavior of solutions

In our study of Sturm–Liouville problems we have so far considered spectral
properties. Another important aspect is the general behavior of solutions ψ to

−(pψ′)′ + qψ = λψ

for λ ∈ C, or of the transformed equation

ψ′′ + p̃ψ′ + q̃ψ = 0, (1.26)

where p̃(x) = p′(x)/p(x) and q̃(x) = (λ− q(x))/p(x).
Suppose that p and q are complex analytic. We consider the differential

equation in the complex plane and under presence of a finite number of singular
points in C = C ∪ {∞}. A first and immediate observation is that ψ will be
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analytic in regions where p̃ and q̃ are analytic. Thus, away from the singular
points, any solution ψ to (1.26) is analytic.

In a neighborhood of a singular point, this is no longer true. To be more
precise, we consider a specific type of singular points called regular singular
points that will be the one to appear in the treatment on the differential operator
LS studied in the following chapters.

Definition 1.65 (Point classification). Consider the differential equation (1.26)
and a point x0 ∈ C. The point x0 is called

- ordinary, if and only if p̃ and q̃ are analytic at x0.

- regular singular, if and only if it is not ordinary, p̃ has a pole up to order
1 and q̃ has a pole up to order 2 and

- irregular singular otherwise.

The classification of x0 = ∞ is found by considering the behavior of the
equation transformed via x 7→ 1/w at the point w = 0. Close to a regular
singular point, the following theorem describes the behavior of the solutions. It
is a result due to Fuchs and a proof can be found in Section 4.2 of [Tes12].

Theorem 1.66 (Fuchs Theorem). Let x0 be a regular singular point of (1.26).
Furthermore, let

p0 = lim
x→x0

(x− x0)p̃(x), (1.27)

q0 = lim
x→x0

(x− x0)2q̃(x). (1.28)

and define α1 and α2 as the solutions of the indicial equation

α2 + (p0 − 1)α+ q0 = 0, (1.29)

ordered such that Re α1 ≥ Re α2.

1. If α1 − α2 6∈ N0, then there are two linearly independent solutions of the
form

ψj(x) = (x− x0)αjwj(x), j = 1, 2

where wj are functions analytic near x = x0.

2. If α1 − α2 = m ∈ N0, then two linearly independent solutions of the form

ψ1(x) = (x− x0)α1w1(x), (1.30)

ψ2(x) = (x− x0)α2w2(x) + c ln(x− x0)ψ1(x). (1.31)

exist for functions wj analytic in a neighborhood of x = x0. The constant
c ∈ C might be equal to zero, unless m = 0.
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In either case, the radius of convergence of the power series of w1 and w2 is
greater or equal to the minimum of the radii of convergence of p̃ and q̃.

The coefficients in the power series of w1 and w2 can be determined by the
Frobenius method, see Section 4.4 in [Tes12].

1.3.5 Global behavior of solutions

In the previous section we have considered the local behavior of solutions close
to a singular point x0, i.e. in the limit x→ x0. A singular behavior of different
nature occurs as we consider a different limiting case, which is |λ| → ∞ in
−(pψ′)′ + qψ = λψ. By defining ε2 := 1/λ, the equation reads

− ε2(pψ′)′(x) + (ε2q(x)− 1)ψ(x) = 0. (1.32)

As |λ| → ∞, ε2 → 0 and the leading term in the differential equation vanishes,
changing the nature of the equation completely and causing a ”singular” be-
havior in this sense. Global analysis as opposed to local analysis studies the
behavior of differential equations as the eigenvalues λn tend to ±∞. Instead of
describing the solutions locally (as it was shown in the previous section close
to a singular point), we are now interested in the behavior of the solutions in
an entire region that does not contain singular points. Although solutions to
general second-order ODEs are typically complicated and do not have a closed
form, they can often be approximated by functions that exhibit a simple struc-
ture, provided solutions corresponding to sufficiently large eigenvalues are being
considered. This is known as WKB (or WKBJ) theory , named after Wentzel,
Kramer, Brillouin (and Jeffreys). In order to make precise sense of approxi-
mations to solutions, we consider the concept of asymptotic expansions. We
consider a set I ⊂ C and assume that z ∈ I and z0 is a limit point of I. The
sequence {ωn} of complex- or real-valued functions ω1(z), ω2(z), . . . on I can be
finite or infinite.

Definition 1.67 (Order relations).

1. The notation ω2 = O(ω1) in I means that there exists a constant c such
that for all z ∈ I, |ω2(z)| ≤ c|ω1(z)|. We say that ω2 = O(ω1) as z → z0,
if there is a constant c and a neighborhood U of z0, such that for all
z ∈ I ∩ U , |ω2(z)| ≤ c|ω1(z)|.

2. The order relation ω2 = o(ω1) as z → z0 is said to hold, if for any
ε > 0, there is a neighborhood Uε of z0, such that |ω2(z)| ≤ ε|ω1(z)| for all
z ∈ I ∩ Uε.

If an order relation involves parameter-dependent functions, then U , Uε and
the constant c will in general also depend on these parameters. An order rela-
tion is said to hold uniformly in the parameters, if U , Uε and c can be chosen
independently of the parameters.
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Another notation that will be used in the following is that of an asymptotic
relation:

Definition 1.68 (Asymptotic relation). For two functions f(z), g(z), we write

f(z) ∼ g(z), as z → z0,

and say that f is asymptotic to g as z → z0, if and only if f − g = o(g) as
z → z0.

Definition 1.69 (Asymptotic sequence). Consider the sequence of functions
{ωn}. If for each n, ωn is defined in I and

ωn+1 = o(ωn) as z → z0 in I, (1.33)

then {ωn} is called an asymptotic sequence for z → z0 in I. Furthermore, if
the sequence is infinite and the above relation holds uniformly in n, {ωn} is an
asymptotic sequence uniformly in n. If the ωn depend on parameters and the
above order relation holds uniformly in the parameters, {ωn} is said to be an
asymptotic sequence uniformly in the parameters.

Definition 1.70. If for two asymptotic sequences {ωn}, {υn}, the following
holds for all n

ωn = O(υn), υn = O(ωn),

the sequences are said to be equivalent.

Let z ∈ I = C. Then, the sequence {(z− z0)n} is an asymptotic sequence as
z → z0. Another example for an asymptotic sequence, for z → ∞, is {z−λn},
where we require λn > 0 and such that λn+1 > λn for each n.

An important property of asymptotic sequences is their behavior under dif-
ferentiation and integration. Differentiation of an asymptotic sequence does not
necessarily result in an asymptotic sequence, as the example

ωn(x) = x−n(a+ cos(xn)), n ∈ N,

x ∈ R shows. Here, {ωn} is an asymptotic sequence for x → ∞, while {ω′n} is
not.

In contrast to this, integration of asymptotic sequences yields new asymp-
totic sequences.

Lemma 1.71 (Integration of asymptotic sequences).

- Let α, β ∈ R and let {ωn(x, y)} be an asymptotic sequence uniformly in y,
α < y < β, for z → z0 in I. If for all n, the integral

Ωn(x) =

∫ β

α

|ωn(x, y)|dy

exists, then {Ωn} is an asymptotic sequence for z → z0.



1.3. STURM–LIOUVILLE PROBLEMS 39

- Let I = (a, b) ⊂ R and x ∈ R. If for x→ b, {ωn} is an asymptotic sequence
and if all integrals

Ωn(x) =

∫ b

x

|ωn(t)|dt

exist, then {Ωn} is also an asymptotic sequence for x→ b.

Definition 1.72 (Asymptotic expansion). Let N ∈ N, bn be elements in C,
for n ∈ N and let {ωn} be an asymptotic sequence for z → z0 in I. Then, the
(formal) series ∑

n

bnωn(z)

is called an asymptotic expansion to N terms of f(x) as z → z0 if and only if

f(z) =

N∑
n=1

bnωn(z) + o(ωN ), as z → z0. (1.34)

It is written as

f(z) ∼
∑
n

bnωn(z) to N terms as z → z0 in I.

An asymptotic expansion of f(x) to any number of terms, i.e. N = ∞, is
denoted

f(x) ∼
∑
n

bnωn(x) (1.35)

and can be convergent or divergent. We remark that asymptotic expansions are
not unique. For example,

1

1 + z
∼
∑
n

(−1)n−1z−n

1

1 + z
∼
∑
n

(z − 1)z−2n

for z → ∞ and the sequences (−1)n−1z−n and (z − 1)z−2n are not equivalent.
On the other hand, asymptotic expansions do not uniquely determine their
”sum”, f(x), meaning that two different functions f(x) and g(x) may have the
same asymptotic expansion (see Section 1.3 in [Erd55] for an example).

While it is not permissible to differentiate asymptotic expansions, integration
of asymptotic expansions is valid as the following lemma states (see Section 1.4
in [Erd55]):

Lemma 1.73 (Integration of asymptotic expansions). Let x ∈ I = (a, b) ⊂ R
and consider an asymptotic sequence {ωn(x)} of positive functions for x → b.
Furthermore, assume that for each n, the integral

Ωn(x) =

∫ b

x

ωn(t)dt
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exists. If f(x) is measurable and f(x) ∼ ∑n bnωn(x) to N terms as x → b,
then there is c ∈ (a, b) such that

F (x) =

∫ b

x

f(t)dt

exists on (c, b) and

F (x) ∼
∑
n

bnΩn(x)

to N terms as x→ b.

A similar result holds for integration with respect to parameters and can be
found in [Erd55].

The main advantage of asymptotic expansions is that they allow for simple
approximations of functions f(z) in some limit z → z0. This is what is used in
the WKB method for solutions of differential equations. One considers solutions
ψ(x) of (1.32) on an interval I as |λ| → ∞. More precisely, the following ansatz
is used to find an approximation to N terms (see Chapter 10 in [BO99]):

ψ(x) ∼ exp
(1

δ

N∑
n=0

δnωn(x)
)
, δ → 0, (1.36)

where {δn−1ωn(x)} is an asymptotic sequence in δ as δ → 0 and uniformly for
all x ∈ I.

This ansatz is based on the property of (1.32) known to have an exponen-
tial behavior (with either real or imaginary exponent) as |λ| → ∞. The WKB
approximation

ψ(x) ∼ eω0(x)/δ

to one term is called the approximation of geometric optics and the WKB ap-
proximation to two terms

ψ(x) ∼ eω0(x)/δ+ω1(x)

is called the approximation of physical optics. It is easy to compute and can
provide a very accurate approximation of the solutions to (1.32) provided that
the corresponding eigenvalue λ is of large magnitude. We use the WKB ap-
proximation of geometric optics in Chapter 3. The proof of the validity of the
WKB approximation for the differential equation considered there was given in
[KT12].

Asymptotic matching.

We conclude this section with a final remark on matching of solutions as opposed
to patching. When solutions to a differential equation (1.15) are only known on
different subregions of the entire interval I, it might be desirable to find global
solutions that are valid on all of I. This can then allow to explore the properties



1.4. 2D COMPUTERIZED TOMOGRAPHY 41

of the eigenvalues λn of the associated SLP. Patching refers to combining exact
solutions at a point. For example, if I = R and one solution is known for x > 0
and another one for x ≤ 0, they can simply be patched at the point x = 0 to
obtain a global solution on R, that satisfies some condition at x = 0 (typically
continuity).

In contrast to patching, matching combines asymptotic expansions rather
than exact solutions. These expansions are valid on subregions that overlap.
While patching is the combination of solutions at a point, matching is the com-
parison of two approximations in the overlap of the regions on which they are
valid. Typically, the matching interval tends to ∞ as |λ| → ∞. In Chapter 3
we will show the asymptotic matching of local solutions close to singular points
with (global) WKB approximations valid away from the singularities. This will
allow to find the asymptotic behavior of the eigenvalues λn of the operator LS .

1.4 2D Computerized Tomography

The application of interest to us is two-dimensional (2D) transmission comput-
erized tomography (CT) in diagnostic radiology. It is based on the principle
of conventional X-radiography . There, X-rays from a fixed source are sent
through the (three-dimensional) body and their attenuation is measured by de-
tectors that have a fixed position on the other side of the body, opposite to the
X-ray source (see Fig. 1.1). This geometry allows for a single view, i.e. the
produced image is a 2D projection of the underlying object density. In 2D or
3D CT, multiple views are used to reconstruct the actual density instead of a
lower-dimensional projection. The case we consider here is 2D CT. There, a
2D cross-section of the human body is captured by sending X-ray signals from
a whole range of directions (either 180 or 360 degrees) emitted from an X-ray
source that is no longer fixed but rather moves along a trajectory around the
body. A row of detectors records the attenuation of the X-ray signals that is
then processed by a computer to produce a 2D image. Depending on the scan-
ning geometry, one distinguishes parallel scanning from fan-beam scanning. For
parallel scanning, the X-rays are transmitted in parallel lines, usually from a
single source that moves in parallel and then rotates around the body as the
scanning process evolves. In contrast, for fan-beam scanning an X-ray source
transmits a whole fan of X-rays from each position as it moves along the trajec-
tory (see Fig. 1.2). This allows to speed up the scanning process. The region
in which measurements are collected from a full angular range (at least 180
degrees) is called the scanner field of view (FOV), see Fig. 1.3.

The attenuation or intensity loss of the X-ray signals can be modeled by a
line integral of the object density:

Suppose an X-ray pencil beam travels along a straight line L intersecting
the 2D cross-section, which we call D and assume to be a compact subset in R2.
The line L is characterized by two parameters, its distance s ≥ 0 from the origin
and θ ∈ S1, the normal vector of L (see Fig. 1.4). Furthermore, we denote the
object density by f and model it to be in L2(D). The intensity I of the X-ray
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Figure 1.1: Conventional X-radiography. The produced image is a 2D projection
of the 3D density.

Figure 1.2: Parallel and fan-beam geometry.

signal decays as it moves along L and through D. By the Beer–Lambert law of
optics, the intensity loss of the X-ray signal can be modeled as

d

dt
I(sθ + tθ⊥) = −I(sθ + tθ⊥)f(sθ + tθ⊥),

where t denotes the traveled distance along L. Thus, from the scanning process,
the line integrals of f can be obtained:∫

R
f(sθ + tθ⊥)dt = − ln

IL(θ, s)

I0(θ, s)
,

where I0(θ, s) and IL(θ, s) denote the intensity of the X-ray signal as it leaves



1.4. 2D COMPUTERIZED TOMOGRAPHY 43

Figure 1.3: The scanner field of view.

the source and as it arrives at the detector, respectively. The transformation
that maps a function from L1(R2) into the set of its line integrals is called the
Radon transform (named after Johann Radon):

(Rf)(θ, s) =

∫
R
f(sθ + tθ⊥)dt, s ∈ R, θ ∈ S1, (1.37)

where S1 denotes the unit circle in R2.
We will always assume that f is supported on a convex compact set D ⊂ R2

and that it is in L2(D) (which also implies f ∈ L1(D) by the Cauchy–Schwarz
inequality).

We assume w.l.o.g. that D is a subset of the unit disk B2 in R2, then a result
in Chapter 2 of [Nat01] states, that the Radon transform acting on L2(B2) is a
continuous operator:

Theorem 1.74. The operator

R : L2(B2)→ L2(S1 × [−1, 1], (1− s2)−1/2),

is continuous. Here, L2(S1× [−1, 1], (1−s2)−1/2) denotes the weighted L2-space
with weight (1− s2)−1/2 on [−1, 1].

The singular value decomposition of R has been given in Chapter 4 of [Nat01]
and it shows the ill-posedness of the inversion problem for the Radon transform
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Figure 1.4: Line measurements of the 2D cross-section.

due to the decay of its singular values to zero. An immediate consequence of the
above theorem is that the Radon transform defined as an operator from L2(B2)
into L2(S1 × [−1, 1]) is also continuous.

Inversion of the Radon transform is required for the reconstruction prob-
lem of CT. Although Johann Radon gave an explicit inversion formula in 1917
already, it is not practical in terms of numerical implementation and thus of lim-
ited value in practice. Instead, other methods have been proposed. The most
well-known reconstruction method for the inversion of the Radon transform
is the so-called Filtered Back-Projection (FBP). It dates back to 1967, where
Bracewell & Riddle [BR67] have used it in radio astronomy. It was then intro-
duced to medical applications by Ramachandran & Lakshminarayanan [RL71]
in 1971 and by Shepp & Logan [SL74] in 1974.

Let Z be defined as the unit cylinder S1×R in R2 and denote the Schwartz
spaces on R2 and Z by S(R2) and S(Z), respectively. Defining the dual trans-
form R#g of R for g ∈ S(Z) by

(R#g)(x) =

∫
S1

g(θ, x · θ)dθ, x ∈ R2

the FBP method is based on the following theorem:

Theorem 1.75. Let f ∈ S(R2) and g ∈ S(Z). Then, the following relation
holds:

(R#g) ∗ f = R#(g ∗Rf),

where the convolution in the RHS is taken with respect to the second variable.

The idea of the FBP algorithm is to choose g = wb in the above such that
Wb = R#wb approximates the delta distribution, i.e.

Wb ∗ f = R#(wb ∗Rf) (1.38)
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and Wb is a low-pass filter with cut-off frequency b (it is this cut-off that provides
regularization):

Ŵb(ξ) =
1

2π
Φ̂
( |ξ|
b

)
,

for some Φ fulfilling 0 ≤ Φ̂ ≤ 1 and Φ̂(σ) = 0 for σ ≥ 1. Here, as well as later on,

·̂ denotes the Fourier transform. One possible choice for Φ̂ is the ideal low-pass
filter:

Φ̂(σ) =

{
1 for σ < 1
0 for σ ≥ 1

which results in the approximation of the δ-distribution, i.e. Wb → δ as b→∞.
The associated ideal filter kernel, also called ramp filter kernel, is then given

by

ŵb(σ) =

{
1
2 (2π)−3/2|σ| for σ < b,
0 for σ ≥ b. (1.39)

Finding f from Rf in (1.38) first requires taking the one-dimensional convolu-
tion with respect to the variable s for each direction in S1; this is the filtering
step. Next, the dual is applied, which is also referred to as back-projection, thus
the name ”Filtered Back-Projection”. The FBP algorithm is a discrete version
of (1.38). We refer to Chapter 5 in [Nat01] for details.

1.4.1 Reconstruction from limited data

When the measurements g = Rf are collected on all of S1 × [−1, 1] (in a dis-
cretized but sufficiently dense form), we say that the data is complete. Other-
wise, we call the data incomplete or limited.

In the case of complete data, the inversion of the Radon transform is only
mildly ill-posed, meaning that the singular values of the Radon transform decay
to zero polynomially. In this setup, the FBP method (but also other methods
not discussed here), yield good reconstruction results.

When the data is limited, the problem typically becomes severely ill-posed,
meaning that the singular values of the underlying operator decay to zero at an
exponential rate.

Limited data problems can occur for example under the presence of an
opaque implant. There, the density has to be reconstructed while the measure-
ments corresponding to line integrals through the implant are missing. Another
possible reason for limitation in the data can be that only directions in an an-
gular range of less than 180 degrees are available. This is referred to as limited
angle projections. A third limited data problem is that of truncated projections
and it is the one we consider for our purposes. It refers to the case when line
measurements from all directions are only available in a certain subregion of D.
This case is also relevant when one is interested in only capturing and examining
a small part of the 2D cross-section, usually referred to as the region of interest
(ROI), see Fig. 1.5. If reconstruction was possible from truncated projections,
a ROI reconstruction could be made possible by exposing the human body to a
reduced radiation dose, by sending X-ray signals only through the ROI instead
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of the entire 2D cross-section. If not specified otherwise, limited data will always
refer to the case of truncated projects in the sequel.

Figure 1.5: Only a subregion, the region of interest, is being measured.

Differentiated Back-Projection

For limited data problems, the FBP method has the main drawback that it
requires nontruncated projections (Rf)(θ, s) for all directions θ in an angular
range of [0, π]. This is caused by the slow decay of the ramp filter wb(s) with
respect to s.

An alternative method is the Differentiated Back-Projection (DBP). It is
based on the same principle as the FBP, but it allows to reduce the limited
data problem in 2D to a family of 1D problems. The DBP method goes back
to a result by Gelfand & Graev [GG91]. Its application to tomography was
formulated by Finch [Fin02] and was later made explicit for 2D in [NCP04,
YYWW07, ZPS05]. Roughly speaking, the DBP is based on the idea that |σ| in
(1.39) can be decomposed into two operations, differentiation and application
of the Hilbert transform:

|σ| = 1

2π
(2πiσ)(−isgn(σ)).

Hence, the DBP method consists of three steps. Let φ denote the angle corre-
sponding to the direction θ⊥, i.e. θ⊥ = (cosφ, sinφ) and let θ = (− sinφ, cosφ).
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Then, assuming f ∈ S(R2), the DBP steps can be derived as follows (see also
[CD10]):

1. Differentiation:

rD(φ, s) =
∂

∂s
(Rf)(θ, s).

Compared to the filtering step in the FBP method, this operation is now
local in s, allowing to consider cases where the Radon transform data is
known for all directions only within a subregion of D = suppf.

2. Back-projection:

bφ1,φ2
(x) =

1

π

∫ φ2

φ1

rD(φ, s)|s=x·θ dφ

=
1

π

∫ φ2

φ1

∫ ∞
−∞

θ · ∇f(sθ + tθ⊥)dt

∣∣∣∣
s=x·θ

dφ.

With the substitution t̃ = t−x·θ⊥ and noting that x = (x·θ)θ+(x·θ⊥)θ⊥,
this simplifies to

bφ1,φ2
(x) =

1

π

∫ φ2

φ1

∫ ∞
−∞

θ · ∇f(x+ t̃θ⊥)dt̃dφ.

By changing the order of integration and with the use of

t̃θ · ∇f(x+ t̃θ⊥) =
∂

∂φ

[
f(x+ t̃θ⊥)

]
,

we obtain

bφ1,φ2(x) =
1

π
p.v.

∫ ∞
−∞

1

t̃

[
f(x+ t̃θ⊥2 )− f(x+ t̃θ⊥1 )

]
dt̃.

where θ⊥1 = (cosφ1, sinφ1) and θ⊥2 = (cosφ2, sinφ2). Thus, bφ1,φ2
is equal

to the difference of the Hilbert transform of f along the lines through x
with directions θ⊥2 and θ⊥1 , which we denote by Hθ⊥2

and Hθ⊥1
, respectively:

bφ1,φ2
(x) =

1

π
p.v.

∫ ∞
−∞

f((x · θ2)θ2 + (x · θ⊥2 + t̃)θ⊥2 )

t̃
dt̃

− 1

π
p.v.

∫ ∞
−∞

f((x · θ1)θ1 + (x · θ⊥1 + t̃)θ⊥1 )

t̃
dt̃

Substituting y = x · θ⊥1,2 + t̃ results in

bφ1,φ2(x) =
1

π
p.v.

∫ ∞
−∞

f((x · θ2)θ2 + yθ⊥2 )

y − x · θ⊥2
dy

− 1

π
p.v.

∫ ∞
−∞

f((x · θ1)θ1 + yθ⊥1 )

y − x · θ⊥1
dy

= (Hθ⊥2
f)(x)− (Hθ⊥1

f)(x).
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3. Inversion of the Hilbert transform on a family of lines: The choice φ2 =
φ1 + π, gives θ⊥2 = −θ⊥1 and thus

bφ1,φ1+π(x) = 2(Hθ⊥2
f)(x). (1.40)

Taking the inverse of the Hilbert transform of the back-projected data
bφ1,φ1+π thus recovers f along lines.

While the first two steps are local with respect to s, the inversion of the Hilbert
transform is not, due to the slow decay of the Hilbert kernel. However, the
DBP reduces the 2D problem to a family of 1D problems, that might simplify
the search for good reconstruction tools for limited data problems.

1.4.2 The Hilbert transform

From now on, with a slight abuse of notation, we assume that f is a 1D ”slice”
of the original 2D density. Then, the third step of the DBP method requires
the reconstruction of f from knowing its Hilbert transform, which is a singular
integral operator that we define as an operator from L2(R) into L2(R) :

Definition 1.76 (Hilbert transform). Let f ∈ L2(R). Then, its Hilbert trans-
form is defined as

(Hf)(x) =
1

π
p.v.

∫
R

f(y)

y − xdy, (1.41)

where p.v. stands for principal value integration.

The Hilbert transform is related to the Fourier transform by

(Ĥf)(ξ) = −isgn(ξ)f̂(ξ).

Applying the theorem of Plancherel to this identity yields that for all f ∈ L2(R):

‖Hf‖L2(R) = ‖f‖L2(R).

Thus, H is a bounded operator with norm equal to 1. The adjoint and inverse
of the Hilbert transform are simply given by

H∗ = −H,
H−1 = −H.

Thus, in principle, the inversion of the Hilbert transform is very easy. However,
in the case of limited data, the Radon measurements will always lead to knowing
the Hilbert transform only on a finite interval rather than on all of R. On the
other hand, Hf cannot vanish outside of the support of f , unless f ≡ 0, see
Lemma 2.12. Hence, for the case of limited data, the inversion problem in the
DBP method requires the recovery of a compactly supported f from its partially
known or truncated Hilbert transform.



1.4. 2D COMPUTERIZED TOMOGRAPHY 49

When f is supported on an interval [a, b] and Hf is measured on an interval
[c, d] that covers [a, b], i.e. c < a < b < d, then an explicit inversion formula can
still be given for x ∈ (a, b), [Tri85]:

f(x) =
−1√

(x− c)(d− x)

(∫ d

c

1

π

√
(y − c)(d− y)

(Hf)(y)

y − x dy −K
)
, (1.42)

where K = 1/π
∫
f(x)dx. In the next chapter, we will discuss more general

cases, where Hf is known only on a region that does not cover the support of
f .

Figure 1.6: The Hilbert transform is measured on a finite segment that covers
the support of f. In this case an explicit inversion formula is known.

We conclude this section by mentioning the Plemelj–Sokhotski formulae,
which will be used for proofs in the following chapters. Allowing for complex
arguments in the Hilbert transform, we first mention that Hf is analytic in
C\[a, b] if suppf = [a, b] (see Lemma 2.12). On [a, b] the Hilbert transform of
f is no longer analytic (unless f ≡ 0). Instead the following formulae due to
Plemelj and Sokhotski hold:

lim
y→0+

(Hf)(x+ iy) = if(x) + (Hf)(x), (1.43)

lim
y→0+

(Hf)(x− iy) = −if(x) + (Hf)(x). (1.44)
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2.1 Introduction

In the following chapters, we will study truncated Hilbert transforms in more
detail. One example of such a configuration is known as the interior problem
[CNDK08, KKW12, KCND08, YYW07]. Given real numbers a1 < a2 < a3 <
a4, the interior problem corresponds to the case in which the Hilbert transform
of a function supported on [a1, a4] is measured on the smaller interval [a2, a3].

In this work1, we consider a different configuration, namely supp f = [a2, a4]
and the Hilbert transform is measured on [a1, a3]. We will refer to this config-
uration as the truncated problem with overlap: the operator HT we consider
is given by P[a1,a3]HP[a2,a4], where H is the usual Hilbert transform acting on
L2(R), and PΩ stands for the projection operator (PΩf)(x) = f(x) if x ∈ Ω,
(PΩf)(x) = 0 otherwise. For finite intervals Ω1, Ω2 on R, the interior prob-
lem corresponds to PΩ1HPΩ2 for Ω1 ⊂ Ω2. The truncated Hilbert transform
with a gap occurs when the intervals Ω1 and Ω2 are separated by a gap, as in
[Kat10]. Figure 2.1 shows the different setups. Examples of configurations in
which the truncated Hilbert transform with overlap and the interior problem
occur are given in Figs. 2.2 and 2.3. The truncated problem with overlap arises
for example in the ”missing arm” problem. This is the case where the scanner
field of view is large enough to measure the torso but not the arms.

(a) Finite Hilbert transform. (b) Interior problem.

(c) Truncated Hilbert transform with over-
lap.

(d) Truncated Hilbert transform with a gap.

Figure 2.1: Different setups for PΩ1HPΩ2 . The upper interval shows the support
Ω2 of the function f to be reconstructed. The lower interval is the interval
Ω1 where measurements of the Hilbert transform Hf are taken. This work
investigates case (c).

1This chapter has been published in [AAK14] and is the result of joint work with A.
Katsevich, Department of Mathematics, University of Central Florida, FL 32816, USA.
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(a) (b)

Figure 2.2: Two examples of the truncated problem with overlap, Fig. 2.2(a)
shows the missing arm problem. In both cases, the FOV does not cover the
object support. On the line intersecting the object, measurements can only
be taken within the FOV (cf. Section 1.4.1), i.e. from a1 to a3. The Hilbert
transform is not measured on [a3, a4]. Consequently, a reconstruction can only
be aimed at in the grey-shaded intersection (ROI) of the FOV with the object
support.

Figure 2.3: The interior problem. Here, the FOV also does not cover the object
support. The line intersecting the object is such that the Hilbert transform
is only measured in a subinterval [a2, a3] of the intersection [a1, a4] of the line
with the object support. The ROI is the grey-shaded intersection of the FOV
with the object support. In this case stable reconstruction within the ROI is
impossible unless additional information is available.
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Fix any four real numbers a1 < a2 < a3 < a4. We define the truncated
Hilbert transform with overlap as the operator

Definition 2.1.

(HT f)(x) :=
1

π
p.v.

∫ a4

a2

f(y)

y − xdy, x ∈ (a1, a3) (2.1)

where p.v. stands for the principal value. In short,

HT := P[a1,a3]HP[a2,a4],

where H is the Hilbert transform from L2(R) to L2(R).

The adjoint of HT is simply given by H∗T = −P[a2,a4]HP[a1,a3]. As we will
prove in what follows, the inversion of HT is an ill-posed problem in the sense
of Hadamard, Definition 1.30. In order to find suitable regularization methods
for its inversion, it is crucial to study the nature of the underlying ill-posedness,
and therefore the spectrum σ(H∗THT ). An important question that arises here is
whether the spectrum is countable. This question has been answered for similar
operators before, but with two very different answers. In [KP59], it was shown
that the finite Hilbert transform defined as HF = P[a,b]HP[a,b] has a continuous
spectrum σ(HF ) = [−i, i]. On the other hand, in [Kat11], we find the result
that for the interior problem HI = P[a2,a3]HP[a1,a4], the spectrum σ(H∗IHI) is
countable.

The main result of this chapter is that the spectrum of H∗THT is countable.
In addition, we obtain that 0 and 1 are accumulation points of the spectrum, in
contrast with the spectrum of HI which only accumulates at 0. Furthermore,
we find that the singular value decomposition (SVD) of the operator HT can
be related to the solutions of a Sturm–Liouville problem. For the actual recon-
struction, one would aim at finding f in (2.1) only within a region of interest
(ROI), i.e. on [a2, a3]. A stability estimate as well as a uniqueness result for
this setup were obtained by Defrise et al in [DNCK06]. A possible method for
ROI reconstruction is the truncated SVD. Thus, it is of interest to study the
SVD of HT also for the development of reconstruction algorithms.

In [Kat10] and [Kat11], singular value decompositions are obtained for the
truncated Hilbert transform with a gap P[a3,a4]HP[a1,a2] and for HI . This is
done by relating the Hilbert transforms to differential operators that have dis-
crete spectra. We follow this procedure, but obtain a differential operator that is
different in nature. In [Kat10] and [Kat11] the discreteness of the spectra follows
from standard results of singular Sturm–Liouville theory (Section 1.3.2). In the
case of the truncated Hilbert transform (2.1), the related SLP is a two interval
problem (Section 1.3.3) and therefore the pure discreteness of the spectrum has
to be investigated explicitly in this case.

The idea is to find a differential operator for which the eigenfunctions are
the singular functions of HT on (a2, a4). We define the differential operator
similarly to the one in [Kat10, Kat11], but then the question is which boundary
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conditions to choose in order to relate the differential operator to HT . To answer
this question we first develop an intuition about the singular functions of HT .

Let {σn;un, vn} denote the singular system of HT that we want to find. The
problem can be formulated as finding a complete orthonormal system {un}n∈N
in L2([a2, a4]) and an orthonormal system {vn}n∈N in L2([a1, a3]) such that
there exist real numbers σn for which

HTun = σnvn,

H∗T vn = σnun.

At the moment, we ask for {vn} to be complete only in Ran(HT ), but as we
will see in Section 2.5, Ran(HT ) is dense in L2([a1, a3]).

As will be shown in Section 2.4, the functions un and vn

(a) can only be bounded or of logarithmic singularity at the points ai,

(a) do not vanish at the edges of their supports (a+
2 , a−4 for un, and a+

1 , a−3
for vn).

We will now make use of the following results from [Gak90], Sections 8.2 and
8.5:

Lemma 2.2 (Local properties of the Hilbert transform). Let f be a function
with support [b, d] ⊂ R. And let c be in the interior of [b, d].

1. If f is Hölder continuous (for some Hölder index α) on [b, d], then close
to b the Hilbert transform of f is given by

(Hf)(x) = − 1

π
f(b+) ln |x− b|+H0(x)

where H0 is bounded and continuous in a neighborhood of b.

2. If in a neighborhood of c, the function f is of the form f(x) = f̃(x) ln |x−c|
for Hölder continuous f̃ , then close to the point c its Hilbert transform is
of the form

(Hf)(x) = H0(x),

where H0 is bounded with a possible finite jump discontinuity at c.

3. If f is of the form f(x) = f̃(x) ln |x − b| on [b, c], where f̃ is Hölder
continuous, then its Hilbert transform at b has a singularity of the order
ln2 |x− b| if f̃(b) 6= 0.
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Suppose un has a logarithmic singularity at a+
2 . Since HT integrates over

[a2, a4], the function HTun would have a singularity at a2 of order ln2 |x −
a2|. Hence, this would violate the property of vn at a2. Therefore, un has
to be bounded at a+

2 . If un does not vanish at a+
2 , this leads to logarithmic

singularities of HTun and vn at a2. Using the same argument we conclude that
vn is bounded at a−3 and un has a logarithmic singularity at a3.

On the other hand, since vn is bounded at a−3 , HTun is also bounded there.
This requires that close to a3, un = un,1 + un,2 ln |x − a3| for functions un,i
continuous at a3. A similar argument holds for vn at a2. Close to that point,
vn = vn,1 + vn,2 ln |x− a2| for functions vn,i continuous at a2.
Since a1 6∈ supp un = [a2, a4], HTun is bounded at a+

1 and similarly, HT vn is
bounded at a−4 . Therefore, un has to be bounded at a−4 and vn must be bounded
at a+

1 .

Thus, if we want to show the commutation of HT with a differential operator
that acts on un(x), x ∈ (a2, a4), we need to impose boundary conditions at a+

2

and a−4 that require boundedness and some transmission conditions at a3 that
make the bounded term and the term in front of the logarithm in un continuous
at a3.

(a) Sketch of un’s. (b) Sketch of vn’s.

Figure 2.4: Intuition about the singular functions of HT .

Having found these properties of the singular functions of HT (in case the
SVD for HT exists), in Section 2.2 we introduce a differential operator and find
a self-adjoint extension for this operator. We then show in Section 2.3 that
this self-adjoint differential operator LS has a discrete spectrum. In Section 2.4
we establish that LS commutes with the operator HT . This allows us to find
the SVD of HT . In Section 2.5 we then study the accumulation points of the
singular values of HT . In particular, we find that HT is not a compact operator.
Finally, we conclude by showing numerical examples in Section 2.6.
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2.2 Introducing a differential operator

In this section, we find two differential operators LS and L̃S that will turn out
to have a commutation property of the form

HTLS = L̃SHT . (2.2)

In order to find the SVD of HT , we will be interested in finding LS and L̃S
with simple discrete spectra. Initially, it is not apparent whether differential
operators with such properties exist and if so, how to find them. We do not
know of a coherent theory that relates certain integral operators to differential
operators via a commutation property as the above. However, there have been
examples of integral operators for which – by what seems to be a lucky accident
– such differential operators exist.

One instance is the well-known Landau–Pollak–Slepian (LPS) operator that
arises in signal processing in the study of time- and bandlimited representations
of signals [SP61, LP61, LP62]. There, it is of interest to find the largest eigen-
value of the LPS operator P[−T,T ]F−1P[−W,W ]FP[−T,T ]. Here, F is the Fourier
transform, and T and W are some positive numbers. This operator happens to
commute with a second-order differential operator, of which the eigenfunctions
and eigenvalues had been studied long before its connection to the LPS opera-
tor was known. The eigenfunctions of this differential operator are the so-called
prolate spheroidal wave functions and they turn out to be the eigenfunctions of
the LPS operator as well. The work of Landau, Pollak and Slepian has been
generalized and extended by Grünbaum et al. [GLP82].

More recent examples of integral operators with commuting differential op-
erators are the interior Radon transform [Maa92] and two instances of the trun-
cated Hilbert transform mentioned earlier [Kat10, Kat11].

To start our search for LS and L̃S , we follow the procedure in [Kat10, Kat11]
and define a differential operator L:

Definition 2.3.
L(x, dx)ψ(x) := (P (x)ψ′(x))′ + 2(x− σ)2ψ(x) (2.3)

where

P (x) =

4∏
i=1

(x− ai), σ =
1

4

4∑
i=1

ai. (2.4)

The four points ai are all regular singular, and in a complex neighborhood
of each ai the functions (x − ai) · P ′(x)/P (x) and (x − ai)2 · 2(x − σ)2/P (x)
are complex analytic. Consequently, by Theorem 1.66 it follows that for λ ∈ C
any solution of Lψ = λψ is either bounded or of logarithmic singularity close
to any of the points ai. Away from the singular points ai the analyticity of
the solutions follows from the analyticity of the coefficients of the differential
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operator L. More precisely, in a left and a right neighborhood of each regular
singular point ai, there exist two linearly independent solutions of the form

ψ1(x) = |x− ai|α1

∞∑
n=0

bn(x− ai)n, (2.5)

ψ2(x) = |x− ai|α2

∞∑
n=0

dn(x− ai)n + k ln |x− ai|ψ1(x), (2.6)

where w.l.o.g. we can assume b0 = d0 = 1. The exponents α1 and α2 are the
solutions of the indicial equation

α2 + (p0 − 1)α+ q0 = 0,

where

p0 = lim
x→ai

(x− ai)P ′(x)/P (x),

q0 = lim
x→ai

(x− ai)2[2(x− σ)2 − λ]/P (x).

With our choice of P , this gives α1 = α2 = 0 which implies k 6= 0. For
the bounded solution in (2.5), α1 = 0 results in ψ1(ai) 6= 0. The radius of
convergence of the series in (2.5) and (2.6) is the distance to the closest singular
point different from ai. In a left and in a right neighborhood of ai, the general
form of the solutions of (L− λ)ψ = 0 is

ψ1(x) = `0

∞∑
n=0

bn(x− ai)n, (2.7)

ψ2(x) = `1

∞∑
n=0

dn(x− ai)n + `2 ln |x− ai|
∞∑
n=0

bn(x− ai)n, (2.8)

for some constants `j . Hence we have one degree of freedom for the bounded
solution, and two for the unbounded solution. Clearly, for the bounded solutions
(2.7), the coefficients bn are the same on both sides of ai, since we have assumed
b0 = 1. However, the bounded part of the unbounded solutions (2.8) may have
different coefficients d−n and d+

n to the left and to the right of ai respectively.

2.2.1 Self-adjoint realizations

Since we are interested in a differential operator that commutes (on some set
to be defined) with HT , we want to consider L on the interval (a2, a4). Due to
the regular singular point a3 in the interior of the interval, standard techniques
for singular SLPs are not applicable. It is crucial for our application that we
identify a commuting self-adjoint operator, for which the spectral theorem can
be applied. The singular points (a+

2 , a−3 , a+
3 , a−4 ) are all LCNO. Thus, the

characterization of all self-adjoint extensions is given by Theorem 1.64. The



2.2. INTRODUCING A DIFFERENTIAL OPERATOR 59

example in (1.22) with the choice h = 0 yields that if r, s ∈ Dmax are taken
such that [r, s](ai) = 1 for all the singular points (a+

2 , a−3 , a+
3 , a−4 ), then the

extension of Lmin defined by the following conditions

[ψ, r](a+
2 ) = 0 = [ψ, r](a−4 ) (2.9)

[ψ, r](a−3 ) = [ψ, r](a+
3 ) (2.10)

[ψ, s](a−3 ) = [ψ, s](a+
3 ) (2.11)

is self-adjoint. We refer to (2.9) as boundary conditions, and to (2.10) and (2.11)
as transmission conditions. The latter connect the two subintervals (a2, a3) and
(a3, a4). Motivated by the conditions on the singular functions of HT (if they
exist) mentioned in Section 2.1, we define a self-adjoint extension of Lmin:

Lemma 2.4. The extension LS : D(LS)→ L2([a2, a4]) of Lmin to the domain

D(LS) := {ψ ∈ Dmax : [ψ, r](a+
2 ) = [ψ, r](a−4 ) = 0,

[ψ, r](a−3 ) = [ψ, r](a+
3 ), [ψ, s](a−3 ) = [ψ, s](a+

3 )}

with the following choice of maximal domain functions r, s ∈ Dmax

r(y) := 1, (2.12)

s(y) :=

4∑
i=1

∏
j 6=i

j∈{1,...,4}

1

ai − aj
ln |y − ai|, (2.13)

is self-adjoint.

This choice of maximal domain functions gives [s, r](ai) = 1 for i = 1, . . . , 4.
The boundary conditions simplify to

lim
y→a+2

P (y)ψ′(y) = lim
y→a−4

P (y)ψ′(y) = 0. (2.14)

For an eigenfunction ψ of LS this is equivalent to ψ being bounded at a+
2 and

a−4 (because the only possible singularity is of logarithmic type). Let φ1 and φ2

be the restrictions of ψ to the intervals (a2, a3) and (a3, a4), respectively. Since
ψ is an eigenfunction, on the corresponding intervals φ1 and φ2 are of the form
φi(y) = φi1(y)+φi2(y) ln |y−a3|. Here, the functions φij are analytic on (a2, a3)
for i = 1 and on (a3, a4) for i = 2. Having this, the transmission conditions can
be simplified as follows:

[ψ, r](a+
3 ) = [ψ, r](a−3 )

lim
y→a+3

P (y)ψ′(y) = lim
y→a−3

P (y)ψ′(y)

lim
y→a−3

φ12(y) = lim
y→a+3

φ22(y). (2.15)
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The condition involving s yields

[ψ, s](a−3 ) = [ψ, s](a+
3 )

lim
y→a−3

[ψ(y)− s(y)(Pψ′)(y)] = lim
y→a+3

[ψ(y)− s(y)(Pψ′)(y)] (2.16)

lim
y→a−3

φ11(y) = lim
y→a+3

φ21(y) (2.17)

Note that on each side of (2.16) the logarithmic terms in φi2 cancel because of
the choice of the constants in s. The properties (2.14), (2.15) and (2.17) are
the same as the ones found for un in Section 2.1. Thus, we have constructed
an operator LS for which close to the points a2, a3 and a4, the eigenfunctions
behave in the same way that is expected for the un’s.

Close to a3, an eigenfunction ψ is given by

ψ(y) =


`11

∞∑
m=0

d−m(y − a3)m + `21 ln |y − a3|
∞∑
m=0

bm(y − a3)m, y < a3

`12

∞∑
m=0

d+
m(y − a3)m + `22 ln |y − a3|

∞∑
m=0

bm(y − a3)m, y > a3

where similarly to (2.6), we assume d−0 = d+
0 = 1 and b0 = 1. The transmission

conditions require that

`11 = `12, (2.18)

`21 = `22. (2.19)

We can thus express ψ in a sufficiently small neighborhood of a3 as

ψ(y) = `11 + `21 ln |y − a3|
∞∑
m=0

bm(y − a3)m +

∞∑
m=1

`±m(y − a3)m, (2.20)

where `±m stands for `+m = `11d
+
m, when y > a3 and for `−m = `11d

−
m, when y < a3.

2.3 The spectrum of LS

In order to prove that the spectrum of the differential self-adjoint operator LS
introduced in Lemma 2.4 is purely discrete, we need to show that for some z in
the resolvent set, (LS− zI)−1 is a compact operator. To do so, it is sufficient to
prove that the Green’s function G of LS − zI, which for z in the resolvent set
exists and is unique, is a function in L2([a2, a4]2). This would allow to conclude
that the integral operator TG with G as its integral kernel is a compact opera-
tor from L2([a2, a4]) to L2([a2, a4]), where TG is equivalent to the inversion of
LS − zI.

Lemma 2.5. The Green’s function G(x, ξ) associated with LS − i is an ele-
ment of L2([a2, a4]2) and consequently, (LS − i)−1 : L2([a2, a4]) → D(LS) ⊂
L2([a2, a4]) is a compact operator.
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Proof. The self-adjointness of LS is equivalent to LS − i being one-to-one and
onto (Theorem 1.23). Moreover, the ai’s are limit-circle points and thus, the
deficiency index d equals 4 (Theorem 1.60). This means that if we do not
impose boundary and transmission conditions, there are two linearly indepen-
dent solutions p1 and p2 of (L − i)p = 0 on (a2, a3) as well as two linearly
independent solutions q1 and q2 of (L − i)q = 0 on (a3, a4). Note that none
of these four solutions can be bounded at both of its endpoints because i is
not an eigenvalue of the self-adjoint operator Lj,S : D(Lj,S) → L2(Ij) with
D(Lj,S) = {ψ ∈ Dj,max : limy→a+j

P (y)ψ′(y) = limy→a−j+1
P (y)ψ′(y) = 0}. By

taking appropriate combinations, if necessary, we can eliminate the logarithmic
singularity at a+

2 of one of the solutions, and at a−4 of another solution. We can
thus assume that

- on (a2, a3): p1 is bounded at a+
2 and logarithmic at a−3 , p2 is logarithmic

at both endpoints;

- on (a3, a4): q1 is logarithmic at a+
3 and bounded at a−4 , q2 is logarithmic

at both endpoints.

We next check the restrictions imposed by the transmission conditions at a3.
Close to a3, both functions p1 and q2 are of the form (2.8). Let `11, `21 denote
the free parameters in the expression for p1 and `12, `22 the ones in q2. These
can be chosen such that they satisfy (2.18) and (2.19). Thus, there exists a
solution h1(x) on (a2, a4) given by

h1(x) =

{
p1(x) for x ∈ (a2, a3)
q2(x) for x ∈ (a3, a4)

that is bounded at a+
2 and logarithmic at a−4 . In addition, it is of the form (2.20)

close to a3, i.e. it is logarithmic at a3 and satisfies the transmission conditions
(2.15), (2.17) there. Similarly, with p2 and q1 we can obtain a solution h2 on
(a2, a4) that satisfies the transmission conditions at a3 and is of ln-ln-bounded-
type. Thus, imposing only the transmission conditions, we obtain two linearly
independent solutions of (L − i)h = 0 on (a2, a3) ∪ (a3, a4). One of them, h1,
is of a bounded-ln-ln-type, and the other one, h2, is of a ln-ln-bounded-type, at
the points a+

2 , a3, a−4 , respectively. We are now in a position to consider the
Green’s function G(x, ξ) of LS − i. Close to a3, we can write the two functions
as hj(x) = hj1(x) + ln |x− a3|hj2(x) with continuous functions hj1 and hj2. By
rescaling if necessary, we can assume h12(a3) = h22(a3). We construct G from
h1 and h2 as follows:

G(x, ξ) =

{
c1(ξ)h1(x) for x < ξ
c2(ξ)h2(x) for x > ξ

where ξ ∈ (a2, a3) ∪ (a3, a4) and the functions c1(ξ) and c2(ξ) are chosen such
that G is continuous at x = ξ and ∂G/∂x has a jump discontinuity of 1/P (ξ)
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at x = ξ:

c1(ξ)h1(ξ)− c2(ξ)h2(ξ) = 0, (2.21)

c1(ξ)h′1(ξ)− c2(ξ)h′2(ξ) = − 1

P (ξ)
. (2.22)

In other words, G is the solution of (L−i)G = δ, where δ is the delta distribution.
For ξ away from a3, G(x, ξ) is continuous in ξ but with logarithmic singularities
at a+

2 and a−4 . This can be seen as follows. Consider ξ close to a2. There, we
can write

h2(ξ) = h̃21(ξ) + h̃22(ξ) ln |ξ − a2|
and, since h1 is bounded close to a+

2 , it is of the form (2.7), i.e. h1(a+
2 ) 6= 0.

Let Wh1,h2
denote the Wronskian of h1 and h2, i.e. Wh1,h2

= h1h
′
2 − h′1h2. For

c1 and c2 we obtain

c1(ξ) =
h2(ξ)

P (ξ)Wh1,h2
(ξ)

,

c2(ξ) =
h1(ξ)

P (ξ)Wh1,h2
(ξ)

.

The denominator in the above expressions is bounded by

P (ξ)(h1(ξ)h′2(ξ)− h2(ξ)h′1(ξ)) = O((ξ − a2) ln |ξ − a2|) + h1(ξ)h̃22(ξ)p(ξ),

where p(ξ) = P (ξ)/(ξ − a2) and h1(a+
2 )h̃22(a2)p(a2) 6= 0. Thus, in a neighbor-

hood of a+
2 ,

c1(ξ) = O(ln |ξ − a2|),
c2(ξ) = O(1).

Similarly, since h2(a−4 ) 6= 0, close to a−4

c1(ξ) = O(1),

c2(ξ) = O(ln |ξ − a4|).

For each fixed ξ ∈ (a2, a3)∪ (a3, a4), G(x, ξ) as a function in x is continuous on
[a2, a3)∪ (a3, a4] and has a logarithmic singularity at a3, due to the singularities
in h1(x) and h2(x). It remains to check what happens as ξ → a3. We need
to make sure that the functions c1(ξ) and c2(ξ) behave in such a way that
G ∈ L2((a2, a4)2). Therefore, we derive the asymptotics of c1(ξ) and c2(ξ) as
ξ → a−3 . For ξ = a3 − ε and small ε > 0, (2.21) becomes

c1(a3 − ε)h1(a3 − ε)− c2(a3 − ε)h2(a3 − ε) = 0.

Since close to a3, hi = hi1 +hi2 ln(ε) and the hij are continuous, the ratio c1/c2
is of the form

a+ b ln(ε)

c+ d ln(ε)
,
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where b and d are nonzero (because the logarithmic singularity is present). Thus,
the ratio tends to the finite limit b/d as ε → 0. Conditions (2.21) and (2.22)
together imply:

c2(a3 − ε) =
h1(a3 − ε)

P (a3 − ε)Wh1,h2
(a3 − ε)

=
h11(a3 − ε) + h12(a3 − ε) ln(ε)

r1(ε) + ε · r2(ε)

where

r1(ε) = −1

ε
P (a3 − ε)

(
h21h12 − h22h11

)
(a3 − ε),

r2(ε) = O(1),

and h12(a3) 6= 0. If r1(0) 6= 0, then c2 is of order O(ln(ε)), removing a possible
obstruction to square integrability of G.

Suppose r1(0) = 0, i.e.

h21(a3)h12(a3)− h22(a3)h11(a3) = 0.

This would imply

h11(a3) = C · h21(a3), (2.23)

h12(a3) = C · h22(a3) (2.24)

for some constant C. By assumption, h12(a3) = h22(a3), so that C = 1. Now if
both (2.23) and (2.24) hold for C = 1, the function defined by

h(x) =

{
h1(x) for x ∈ (a2, a3)
h2(x) for x ∈ (a3, a4)

would be a nontrivial solution of (LS − i)h = 0 (fulfilling both boundary and
transmission conditions), i.e. i would be an eigenvalue of LS . But this con-
tradicts the self-adjointness of LS . We can thus conclude that r1(0) 6= 0. This
shows that c2(a3 − ε) is of order O(ln(ε)) and therefore also c2 · c1c2 = c1 =
O(ln(ε)).
Analogously, we can find the same asymptotics of c1(ξ) and c2(ξ) as ξ → a+

3 .
Therefore, the properties of the Green’s function G(x, ξ) can be summarized as
follows:

- G(·, ξ) has logarithmic singularities at a+
2 , a3 and a−4 ,

- G(x, ·) is of logarithmic singularity at a3,

- away from these singularities G(x, ξ) is continuous in x and ξ.
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Thus, G is in L2([a2, a4]2). Hence, TG : L2([a2, a4])→ L2([a2, a4]) is a compact
Fredholm integral operator.

From this we conclude:

Proposition 2.6. The operator LS has purely discrete spectrum, and the asso-
ciated eigenfunctions are complete in L2([a2, a4]).

Proof. By Theorem 1.23, the self-adjointness of LS implies that for the operator
(LS − i) : D(LS)→ L2([a2, a4]) we have

Ker(LS − i) = {0},
Ran(LS − i) = L2([a2, a4]).

Consequently, (LS − i)−1 : L2([a2, a4])→ D(LS) is one-to-one and onto. More-
over, it is a normal compact operator and thus we get the spectral representation

(LS − i)−1f =

∞∑
n=0

λn〈f, un〉un,

where {un}n∈N is a complete orthonormal system in L2([a2, a4]). This can be
transformed into the spectral representation for LS :

LSf =

∞∑
n=0

(
1

λn
+ i)〈f, un〉un.

Clearly, the eigenfunctions un of LS can be chosen to be real-valued. The
completeness of {un}n∈N is essential for finding the SVD of HT . Another prop-
erty that will be needed for the SVD is that the spectrum of LS is simple, i.e.
that each eigenvalue has multiplicity 1.

Proposition 2.7. The spectrum of LS is simple.

Proof. From the compactness of (LS − i)−1, we know that each eigenvalue has
finite multiplicity. Suppose u1 and u2 are linearly independent eigenfunctions of
LS corresponding to the same eigenvalue λ ∈ R. Then, on all of (a2, a3)∪(a3, a4)
the following holds

u1Lu2 − u2Lu1 = 0.

Consequently,

0 = u1Lu2 − u2Lu1 = u1(Pu′2)′ − u2(Pu′1)′

= [u1, u2]′.
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Thus, [u1, u2] is constant on both (a2, a3) and (a3, a4). From the boundary
conditions that u1 and u2 satisfy, we find that [u1, u2](a+

2 ) = 0 = [u1, u2](a−4 ),
which implies [u1, u2] = 0 on (a2, a3)∪ (a3, a4). Since [u1, u2] = P (u′1u2−u1u

′
2),

we get that
u′1u2 − u1u

′
2 = 0 on (a2, a3) ∪ (a3, a4). (2.25)

The functions u1 and u2 satisfy the transmission conditions at a3. Consequently,
they can be written as

u1(x) = u11(x) + u12(x) ln |x− a3|,
u2(x) = u21(x) + u22(x) ln |x− a3|,

in a neighborhood of a3, where uij are continuous. Since the one-sided deriva-
tives u′ij are bounded at a3, (2.25) implies(

u12u21 − u11u22

)
(x)

x− a3
+ O(ln2 |x− a3|) = 0. (2.26)

Note that the terms containing ln |x − a3|/(x − a3) cancel. Taking the limit
x→ a3 in (2.26), we obtain

u12(a3)u21(a3)− u11(a3)u22(a3) = 0.

Thus, for some constant C:(
u11(a3)
u12(a3)

)
= C

(
u21(a3)
u22(a3)

)
.

If we take u1 on (a2, a3), then u11(a3) and u12(a3) define a singular initial
value problem on (a3, a4) that is uniquely solvable (Theorem 8.4.1 in [Zet05]).
Thus, u1 = C · u2 on (a3, a4). Now, on the other hand, by considering u1 on
(a3, a4), the values u11(a3) and u12(a3) define a singular initial value problem
on (a2, a3) which has a unique solution. Hence, u1 = C ·u2 on (a2, a3)∪ (a3, a4)
in contradiction to our assumption.

2.4 Singular value decomposition of HT

Having introduced the differential operator LS , we now want to relate it to the
truncated Hilbert transform HT . The main result of this section is that the
eigenfunctions of LS fully determine the two families of singular functions of
HT . We start by stating the following

Proposition 2.8. On the set of eigenfunctions {un}n∈N of LS, the following
commutation relation holds:

(HTL(y, dy)un)(x) = L(x, dx)(HTun)(x) for x ∈ (a1, a2) ∪ (a2, a3). (2.27)
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Sketch of proof. This proof follows the same general idea as the proof of Propo-
sition 2.1 in [Kat11]. We therefore provide full details only for those steps where
additional care needs to be taken because of the singularity at a3. The steps
that are completely analogous to those in the proof of Proposition 2.1 in [Kat11]
are only sketched here.

Let ψ ∈ {un}n∈N. The boundedness of ψ at a+
2 and a−4 implies that Pψ′ → 0

and Pψ → 0 there. Moreover, the transmission conditions at a3 guarantee that
Pψ′ is continuous at a3. With these properties, the commutation relation for
x ∈ (a1, a2), i.e. where the Hilbert kernel is not singular, can be shown similarly
to the proof of Proposition 2.1 in [Kat10].

Next, let x ∈ (a2, a3). The main difference from the proof of Proposition
2.1 in [Kat11] is that now the eigenfunctions are not in C∞([a2, a4]), but are
singular at a3. However, the fact that we exclude the point x = a3 allows us
to always have a neighborhood of x away from a3 on which ψ is bounded. We
further note that ψ ∈ C∞([a2, a3)∪(a3, a4]). Since the Hilbert kernel is singular,
we need to use principal value integration and introduce the following notation:
Iε(x) := [a2, x−ε]∪[x+ε, a4]. Here ε > 0 is so small that (x−ε, x+2ε) ⊂ (a2, a3),
i.e. the ε-neighborhood of x is well separated from a3. Then,

π(HTL(y, dy)ψ)(x) = lim
ε→0+

∫
Iε(x)

[ (P (y)ψ′(y))′

y − x +
2(y − σ)2ψ(y)

y − x
]
dy.

For the first term under the integral, we integrate by parts twice and plug in
the boundary conditions. Again, we use that Pψ′ → 0 and Pψ → 0 at a+

2 and
a−4 :

∫
Iε(x)

(P (y)ψ′(y))′

y − x dy = − (Pψ′)(x− ε) + (Pψ′)(x+ ε)

ε
+

+
(Pψ)(x− ε)− (Pψ)(x+ ε)

ε2
+

∫
Iε(x)

ψ(y)
2P (y)− P ′(y)(y − x)

(y − x)3
dy. (2.28)

The integral on the right-hand side of (2.28) can be related to the derivatives of∫
ψ(y)/(y−x)dy. In [Kat11] similar relations (cf. eq. (2.7)) were obtained from

the Leibniz integral rule, using explicitly that the integrand was continuous.
In our case, the function ψ is no longer continuous because of the singularity
at a3. We can generalize the argument of [Kat11] by invoking the dominated
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convergence theorem and rewrite the last term in (2.28) as follows:∫
Iε(x)

ψ(y)
2P (y)− P ′(y)(y − x)

(y − x)3
dy =

= P (x)
[ d2

dx2

∫
Iε(x)

ψ(y)

y − xdy +
ψ′(x− ε) + ψ′(x+ ε)

ε
− ψ(x− ε)− ψ(x+ ε)

ε2

]

+ P ′(x)
[ d
dx

∫
Iε(x)

ψ(y)

y − xdy +
ψ(x− ε) + ψ(x+ ε)

ε

]

−
∫

Iε(x)

2ψ(y)
(y − σ)2 − (x− σ)2

y − x dy

Putting all pieces together, we obtain:

π(HTL(y, dy)ψ)(x) =

= lim
ε→0+

{
− (Pψ′)(x− ε) + (Pψ′)(x+ ε)

ε
+

(Pψ)(x− ε)− (Pψ)(x+ ε)

ε2

+ P (x)
[ψ′(x− ε) + ψ′(x+ ε)

ε
− ψ(x− ε)− ψ(x+ ε)

ε2
]

+ P ′(x)
ψ(x− ε) + ψ(x+ ε)

ε
+ L(x, dx)

∫
Iε(x)

ψ(y)

y − xdy
}

The eigenfunction ψ is in C∞[a2, x+2ε). Following [Kat11], we can thus express
the boundary terms in the above equation by Taylor expansions around x and
make use of the fact that the boundary terms consist only of odd functions in
ε. The boundary terms are then of the order O(ε). We thus have

π(HTL(y, dy)ψ)(x) = lim
ε→0+

L(x, dx)

∫
Iε(x)

ψ(y)

y − xdy.

Since for ε > 0 sufficiently small, ψ ∈ C∞([x − ε, x + ε]), one can interchange
the limit with L(x, dx) as in [Kat11].

Because the spectrum of LS is purely discrete, we have thus found an or-
thonormal basis (the eigenfunctions of LS) {un}n∈N of L2([a2, a4]) for which
(2.27) holds. Let us define vn := HTun/‖HTun‖L2([a1,a3]). Then, in order to
obtain the SVD for HT (with singular functions un and vn), it is sufficient to
prove that the vn’s form an orthonormal system of L2([a1, a3]) (they will then
consequently form an orthonormal basis of L2([a1, a3]), see Proposition 2.13).

The orthogonality of the vn’s will follow from the commutation relation.
Since un is an eigenfunction of LS for some eigenvalue λn, we obtain

L(x, dx)vn(x) = λnvn(x), x ∈ (a1, a2) ∪ (a2, a3).

Similarly to LS , we define a new self-adjoint operator that acts on functions
supported on [a1, a3]:
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Definition 2.9. Let D̃max := D1,max + D2,max and L̃min := L1,min + L2,min.

The operator L̃S : D(L̃S)→ L2([a1, a3]) is defined as the self-adjoint extension
of L̃min, where

D(L̃S) := {ψ ∈ D̃max : [ψ, r](a+
1 ) = [ψ, r](a−3 ) = 0,

[ψ, r](a−2 ) = [ψ, r](a+
2 ), [ψ, s](a−2 ) = [ψ, s](a+

2 )}

with the maximal domain functions r, s ∈ D̃max as in (2.12), (2.13).

The intuition then is the following. The function un is bounded at a+
2 and

logarithmic at a3, where it satisfies the transmission conditions. Consequently,
as will be shown below, vn is bounded at a−3 , logarithmic at a2 and satisfies the
corresponding transmission conditions at a2. Clearly, it is also bounded at a+

1 .
Thus, vn is an eigenfunction of the self-adjoint operator L̃S .

Proposition 2.10. If LSun = λnun, then vn := HTun/‖HTun‖L2([a1,a3]) is an

eigenfunction of L̃S corresponding to the same eigenvalue

L̃Svn = λnvn. (2.29)

Proof. First of all, the commutation relation for un yields

L(x, dx)(HTun)(x) = (HTL(y, dy)un)(x),

L(x, dx)vn(x) = λnvn(x), x ∈ (a1, a2) ∪ (a2, a3).

What remains to be shown is that vn satisfies the boundary and transmission
conditions. Therefore, we consider p.v.

∫ a4
a2
un(y)/(y − x)dy for x close to a1,

a2 and a3. In a neighborhood of a1 away from [a2, a4] this function is clearly
analytic. Next, let x be confined to a small neighborhood of a2. Since the
discontinuity of un is away from a2, we can split the above integral into two –
one that integrates over a right neighborhood of a2 and another one that is an
analytic function. The first item in Lemma 2.2 then implies that

p.v.

a4∫
a2

un(y)

y − x dy = ṽn,1(x)− un(a+
2 ) ln |x− a2|

where ṽn,1(x) is continuous in a neighborhood of x = a2. Thus, vn satisfies the
transmission conditions (2.15), (2.17).

It remains to check the behavior of vn close to a−3 . We first express un as

un(y) = un,1(y) + un,2(y) ln |y − a3|,
where both un,1 and un,2 are Lipschitz continuous. Then, in view of Lemma
2.2, both summands on the right-hand side of the equation

p.v.

a4∫
a2

un(y)

y − x dy =p.v.

a4∫
a2

un,1(y)

y − x dy + p.v.

a4∫
a2

un,2(y) ln |y − a3|
y − x dy

remain bounded as x tends to a3.
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Since the spectrum of LS is simple, we can conclude that the vn’s form an
orthonormal system and thus the following holds:

Theorem 2.11. The eigenfunctions un of LS, together with
vn := HTun/‖HTun‖L2([a1,a3]) and σn := ‖HTun‖L2([a1,a3]) form the singular
value decomposition for HT :

HTun = σnvn, (2.30)

H∗T vn = σnun. (2.31)

Proof. The spectrum of LS is simple. Therefore, (2.29) yields that any pair of
vn, vm for n 6= m are eigenfunctions to two different eigenvalues and are thus
orthogonal. The first part of the above statement, (2.30), simply follows from
the definitions of vn and σn.

To verify (2.31) we remark that since vn are the eigenfunctions of L̃S , the
commutation

H∗T L̃Svn = LSH
∗
T vn

also holds by applying the same argument as in the proof of Proposition 2.8.
This shows that H∗T vn is an eigenfunction of LS for the eigenvalue λn. Since all
eigenvalues have multiplicity 1, H∗T vn is proportional to un, i.e.

H∗T vn = σ̃nun,

where σ̃n := ‖H∗T vn‖L2([a2,a4]). Taking the inner product of the above with un
results in

〈un, H∗T vn〉 = σ̃n.

On the other hand, the inner product of (2.30) with vn gives

〈vn, HTun〉 = σn

and thus σn = σ̃n.

2.5 Accumulation points of the singular values

The main result of this section is that 0 and 1 are accumulation points of the
singular values of HT . To find this, we first analyze the kernel and range of HT ,
which will also prove the ill-posedness of the inversion of HT . First, we need to
state the following

Lemma 2.12. If the Hilbert transform of a compactly supported f ∈ L2([a, b])
vanishes on an open interval (c, d) disjoint from the object support, then f = 0
a. e. on R.
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Proof. A similar statement (and proof) can be found in [CNDK08]. The main
difference is that here we consider a more general class of functions f . Let
Ω = C\[a, b], z ∈ Ω and define

g(z) :=

∫
R

f(x)

x− z dx.

The kernel is smooth since

g(z) =

∫ b

a

f(x)

x− z dx.

By the dominated convergence theorem, for any z ∈ Ω, g is differentiable in a
neighborhood of z:

f(x)

(x− z − ξ)(x− z)
p.w.−−−→
ξ→0

f(x)

(x− z)2∣∣∣ f(x)

(x− z − ξ)(x− z)
∣∣∣ ≤ |f(x)|

ρ2/2

where ρ = dist(z, [a, b]) > 0, |ξ| < ρ/2 and f ∈ L1([a, b]). Thus, g is analytic on
Ω and since Hf = 0 on (c, d), also g = 0 on (c, d). From this, we conclude that
g = 0 on Ω. On the other hand, the Plemelj–Sokhotski formulae (1.43), (1.44)
yield

lim
y→0+

[g(x+ iy)− g(x− iy)] = 2πif(x), x ∈ R

and thus, f ≡ 0 on R.

This property of the Hilbert transform allows to state results on the kernel
and the range of HT :

Proposition 2.13. The operator HT : L2([a2, a4]) → L2([a1, a3]) has a trivial
kernel and dense range that is not closed, i.e.

Ker(HT ) = {0}, (2.32)

Ran(HT ) 6= L2([a1, a3]), (2.33)

Ran(HT ) = L2([a1, a3]). (2.34)

Proof of (2.32). Suppose HT f = 0 and let χ denote the characteristic function
(cf. Section 1.1). Then

Hχ[a2,a4]f = 0 on (a1, a2),

and by Lemma 2.12, f = 0 on all of [a2, a4]. Thus, f ∈ L2([a2, a4]) can always
be uniquely determined from HT f .

Proof of (2.33). Take any g ∈ L2([a1, a3]) that vanishes on (a1, a2) and such
that ‖g‖L2([a1,a3]) 6= 0. Suppose g ∈ Ran(HT ). By Lemma 2.12, if f ∈
L2([a2, a4]) and HT f = g, then f is zero on [a2, a4]. This implies that g = 0 on
(a1, a3), which contradicts the assumption ‖g‖ 6= 0.
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Proof of (2.34). The operator H∗T is also a truncated Hilbert transform with
the same general properties. By the above argument, Ker(H∗T ) = {0}.
Thus, Ran(HT )⊥ = {0}.

Equation 2.33 shows the ill-posedness of the problem. It is not true that
for every g ∈ L2([a1, a3]) there is a solution f to the equation HT f = g. Since
Ran(HT ) is dense, the solution need not depend continuously on the data, see
Theorem 1.35. Thus, our problem violates properties (1) and (3) of Hadamard’s
well-posedness criteria (Definition 1.30). These are the existence of solutions for
all data and the continuous dependence of the solution on the data. We now
turn to the spectrum of H∗THT . In what follows, ‖·‖ denotes the norm associated
with L2(R), and 〈·, ·〉 denotes the L2(R) inner product. We begin with proving
the following

Lemma 2.14. The operator H∗THT has norm equal to 1.

Proof. From ‖H‖ = 1, we know that ‖H∗THT ‖ ≤ 1. Since

‖H∗THT ‖ = sup
‖ψ‖=1

‖H∗THTψ‖,

finding a sequence ψn with ‖ψn‖ = 1 and ‖H∗THTψn‖ → 1 would prove the
assertion.

Take a compactly supported function ψ ∈ L2([−1, 1]) with ‖ψ‖ = 1 and two

vanishing moments,
∫ 1

−1
ψ(x)dx = 0 =

∫ 1

−1
x · ψ(x)dx. From this, we define a

family of functions, such that the norm is preserved but the supports decrease.
More precisely, for a > 2/(a3 − a2), we set

ψa(x) =
√
aψ(a(x− a2 + a3

2
)).

These functions satisfy ‖ψa‖ = 1 and supp ψa = [a2+a3
2 − 1

a ,
a2+a3

2 + 1
a ] ⊂ [a2, a3].

For their Hilbert transforms we obtain

(Hψa)(x) =
√
a(Hψ)(a(x− a2 + a3

2
)).

We can write

H∗THTψa = −χ[a2,a4]Hχ[a1,a3]Hχ[a2,a4]ψa

= −χ[a2,a4]H(I − (I − χ[a1,a3]))Hχ[a2,a4]ψa

= ψa + χ[a2,a4]H(I − χ[a1,a3])Hχ[a2,a4]ψa;

(I −H∗THT )ψa = −χ[a2,a4]H(I − χ[a1,a3])Hχ[a2,a4]ψa.
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Consider the L2-norm of the last expression

‖(I −H∗THT )ψa‖2 = ‖χ[a2,a4]H(I − χ[a1,a3])Hχ[a2,a4]ψa‖2

≤ ‖(I − χ[a1,a3])Hχ[a2,a4]ψa‖2

=

∫
(−∞,a1)∪(a3,∞)

|(Hψa)(x)|2dx

= a

∫
(−∞,a1)∪(a3,∞)

|(Hψ)(a(x− a2 + a3

2
)|2dx

=

∫ a·(a1− a2+a3
2 )

−∞
|Hψ|2dy +

∫ ∞
a·(a3− a2+a3

2 )

|Hψ|2dy. (2.35)

Because of the ordering of the ai’s, we have that a1− a2+a3
2 < 0 and a3− a2+a3

2 >
0. Since ψ has two vanishing moments, Hψ asymptotically scales as 1/|y|3 and
hence, both integrals in (2.35) are of the order O(a−5). Thus, given any ε > 0,
one can find a > 2/(a3 − a2) such that

‖(I −H∗THT )ψa‖ < ε.

Consequently,

‖H∗THTψa‖ ≥ ‖ψa‖ − ‖(I −H∗THT )ψa‖ > 1− ε.
Therefore

‖H∗THTψa‖ → 1 as a→∞,
which implies that ‖H∗THT ‖ = 1.

We are now in a position to prove the following theorem:

Theorem 2.15. The values 0 and 1 are accumulation points of the singular
values of HT .

Proof. First of all, 0 and 1 are both elements of the spectrum σ(H∗THT ). For the
value 0, this follows from Ran(H∗THT ) ⊂ Ran(H∗T ) 6= L2([a2, a4]). Moreover,
since ‖H∗THT ‖ = 1 and H∗THT is self-adjoint, the spectral radius is equal to 1.
Thus, 1 ∈ σ(H∗THT ).

The second step is to show that 0 and 1 are not eigenvalues of H∗THT .
0 is not an eigenvalue: If H∗THT f = 0, then ‖HT f‖2 = 〈f,H∗THT f〉 = 0. Since
Ker(HT ) = 0, this implies f = 0. Thus, Ker(H∗THT ) = {0}.
1 is not an eigenvalue: Suppose there exists a non-vanishing function f ∈
L2([a2, a4]), such that

−χ[a2,a4]Hχ[a1,a3]Hχ[a2,a4]f = f.

Then,

‖Hχ[a2,a4]f‖2 = ‖χ[a2,a4]f‖2 = ‖f‖2 = −〈χ[a2,a4]Hχ[a1,a3]Hχ[a2,a4]f, f〉
= 〈χ[a1,a3]Hχ[a2,a4]f,Hχ[a2,a4]f〉
= ‖χ[a1,a3]Hχ[a2,a4]f‖2.
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This implies that Hχ[a2,a4]f is identically zero outside [a1, a3]. By Lemma 2.12,
this implies f = χ[a2,a4]f = 0, contradicting the assumption f 6≡ 0. Therefore,
0 and 1 are accumulation points of the eigenvalues of H∗THT and consequently,
of the singular values of HT .

Remark 2.16. Since the singular values of HT also accumulate at a point other
than zero, the operator HT is not compact.

2.6 Numerical illustration

We want to illustrate the properties of the truncated Hilbert transform with
overlap obtained above for a specific configuration. We choose a1 = 0, a2 = 1.5,
a3 = 6 and a4 = 7.5. First, we consider two different discretizations of HT and
calculate the corresponding singular values. We choose the first discretization
to be a uniform sampling with 601 partition points in each of the two intervals
[0, 6] and [1.5, 7.5]. Let vectors X and Y denote the partition points of [0, 6]
and [1.5, 7.5] respectively. To overcome the singularity of the Hilbert kernel the
vector X is shifted by half of the sample size. The i-th components of the two
vectors X and Y are given by Xi = 1

100 (i+ 1
2 ) and Yi = 1.5+ 1

100 i; the discretiza-
tion HT of HT is then defined as (HT)i,j = (1/π)(Xi − Yj), i, j = 0, . . . , 600.
Figure 2.5(a) shows the singular values si for the uniform discretization. We see
a very sharp transition from 1 to 0.

The second discretization uses orthonormal wavelets with two vanishing mo-
ments. Let φ denote the scaling function. For the discretization we define a
finest scale J = −7. The scaling functions on [1.5, 7.5] are taken to be φ−7,k

for integers k = 192, . . . , 957, i.e. such that supp φ−7,k ⊂ [1.5, 7.5]. On the
interval [0, 6] the scaling functions are shifted in the sense that we take them
to be φ−7,`+ 1

2
for integers ` = 0, . . . , 765, i.e. such that supp φ−7,`+ 1

2
⊂ [0, 6].

Figure 2.5(b) shows a plot of the singular values of this wavelet discretization
of HT . Although the transition is not as sharp as in 2.5(a), the singular values
in both cases very clearly accumulate at 0 and 1.

Next, we consider the singular vectors. Figure 2.6 shows the singular vec-
tors of the uniform discretization for singular values in the transmission region
between 0 and 1. Figure 2.7 illustrates the behavior of singular vectors for small
singular values. These vectors show a behavior compatible with the expected
boundedness of the singular functions at the two endpoints and singularity at
the point of truncation. Figure 2.8 gives two examples of the close to linear be-
havior in a log-linear plot of the singular vectors. In agreement with the theory
in Section 2.4, these plots confirm that the singularities are of logarithmic kind.

shows the singular vector of the uniform discretization.....This vectors shows
a behavior compatible with the expected boundedness of the singular functions
at the two end-points and singularity at the point of truncation

Based on the numerical experiments conducted, we make the following ob-
servations on the behavior of the singular functions and singular values. First,
the singular vectors in Figs. 2.6 and 2.7 have the property that two vectors
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(a) Uniform discretization of size 601× 601.
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(b) Wavelet discretization of size 766× 766.

Figure 2.5: a1 = 0, a2 = 1.5, a3 = 6, a4 = 7.5. Singular values of two discretiza-
tions of HT .

with consecutive indices have the number of zeros differing by 1. Moreover, the
zeros are located only inside one subinterval Ij . Furthermore, the plots show
that singular vectors with zeros within the overlap region correspond to signifi-
cant singular values, whereas those which have zeros outside the overlap region
correspond to small singular values. Finally, we remark that singular vectors
for small singular values are concentrated outside the ROI I2 = [a2, a3].
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(a) Singular vectors u448 and u449.

1 2 3 4 5 6 7

-0.15

-0.10

-0.05

0.05

(b) Singular vectors u450 and u451.
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(d) Singular vectors v450 and v451.

Figure 2.6: Consecutive singular vectors of the uniform discretization HT with
3, 2, 1 and no zeros within the overlap region. The corresponding singular values
are s448 = 0.999963, s449 = 0.998782, s450 = 0.966192, s451 = 0.542071.
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Figure 2.7: Consecutive singular vectors of the uniform discretization HT with
1, 2, 3 and 4 zeros outside the overlap region. The corresponding singular
values are s452 = 6.29189 · 10−3, s453 = 2.83533 · 10−5, s454 = 1.18274 · 10−7,
s455 = 4.83357 · 10−10.
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Figure 2.8: Log-linear plot, i.e. with a logarithmic x scale of the singular vectors
v450 (left) and v453 (right) on the interval [1.5, 2.3].
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3.1 Introduction

In the previous chapter, it is shown that the singular values of HT accumulate at
both 0 and 1, where 0 and 1 themselves are not singular values (Theorem 2.15).
The accumulation point 0 causes the ill-posedness of inverting the operator
HT . Motivated by this result, this chapter studies the asymptotic behavior of
the singular values and singular functions of HT . One of the main results we
present here is an explicit expression for the exponential decay of the singular
values of HT to zero, yielding the severe ill-posedness of the underlying problem.

This chapter1 is organized as follows: In Section 3.2 we show an intermediate
result on the eigenvalues of the differential operator LS . Next, Section 3.3 gives
an outline and description of the approach used to find the asymptotic behavior
of the SVD. In Section 3.4, the asymptotic behavior of the SVD is derived for
the subsequence of singular values accumulating at zero. We use this result
together with a symmetry property in Section 3.5 to obtain the asymptotics
for the case where the singular values tend to 1. We conclude by comparing
the theoretical results obtained from the asymptotic analysis with a numerical
example in Section 3.6.

To determine the asymptotic behavior of the singular values, i.e. the conver-
gence rates of the accumulation at 0 and 1, we will need to consider the singular
value decomposition {σn;un, vn}, n ∈ Z, of HT :

HTun = σnvn,

H∗T vn = σnun,

and study the asymptotic behavior of the singular functions un and vn to find
the asymptotics of σn. For the indices of the singular values we choose the
convention n→ +∞ for σn → 0 and n→ −∞ for σn → 1.

3.2 Two accumulation points in σ(LS)

In Lemma 2.5, we have shown that the operator (LS − i)−1 is compact. Hence,
the spectrum of LS is purely discrete and the only possible accumulation points
are λn → ±∞, n ∈ Z. As we will see in the following sections, deriving the
asymptotics of the singular values σn of HT for just one of the two possible
accumulation points for λn results in only one accumulation point of σn. More
precisely, λn → +∞ leads to σn → 0 and λn → −∞ to σn → 1. Since we
have shown in Theorem 2.15 that both 0 and 1 are accumulation points of the
spectrum of H∗THT , this suggests that the eigenvalues λn of LS accumulate at
both +∞ and −∞.

For self-adjoint realizations of L(x, dx) on an interval where the function
P (x) is negative, the spectrum of this self-adjoint realization is bounded below,
but not above. Since in the case of LS , we consider P (x) on (a2, a4), i.e. on an

1This chapter is the result of joint work with M. Defrise and A. Katsevich, [AADK13].
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interval on which P changes sign, it seems intuitive to assume that the spectrum
of LS is correspondingly unbounded from below and from above.

Indeed, in the case where P (x) changes sign and 1/P (x) is locally integrable
on (a2, a4), standard results in Sturm–Liouville theory state that the spectrum
of the resulting differential operator is unbounded from below and from above
(Theorem 1.52). This theorem however cannot be applied in our case because
for the function P (x) = (x− a1)(x− a2)(x− a3)(x− a4) as in (2.4), 1/P (x) is
not locally integrable on (a2, a4). Therefore, in order to show the unboundedness
from below and from above of the spectrum of LS , we construct two sequences
of functions φn ∈ D(LS), n ∈ N, supported on [a2, a3] and ψn ∈ D(LS), n ∈ N,
supported on [a3, a4] for which

〈LSφn, φn〉/〈φn, φn〉 → −∞, (3.1)

〈LSψn, ψn〉/〈ψn, ψn〉 → +∞, (3.2)

as n → ∞. As in the previous chapters, let χI , for I ⊂ R, denote the char-
acteristic function on I and define w1(x) = χ[a2,a3](x)(x − a2)(a3 − x) and
w2(x) = χ[a3,a4](x − a3)(a4 − x). Then, we choose the functions φn and ψn to
be

φn(x) := w1(x) cos(nx),

ψn(x) := w2(x) cos(nx).

From (P (x)φ′n(x))′ = −P (x)w1(x)n2 cos(nx) + O(n), we obtain

〈LSφn, φn〉 = −n2

∫ a3

a2

P (x)w2
1(x) cos2(nx)dx+ O(n), (3.3)

≤ −n2(a2 − a1)(a4 − a3)

∫ a3

a2

w3
1(x) cos2(nx)dx+ O(n).

A direct computation yields∫ a3

a2

((x− a2)(a3 − x))3 cos2(nx)dx =
(a3 − a2)7

280
+ O(n−4)

so that the integral on the right-hand side in (3.3) is bounded away from zero.
Thus, 〈LSφn, φn〉 → −∞. Furthermore, from ‖φn‖L2 ≤ ‖w1‖L2 , we find that
(3.1) holds.

Similarly, we get for ψn, that (P (x)ψ′n(x))′ = −P (x)w2(x)n2 cos(nx)+O(n)
and

〈LSψn, ψn〉 = −n2

∫ a4

a3

P (x)w2
2(x) cos2(nx)dx+ O(n),

≥ n2(a3 − a1)(a3 − a2)

∫ a4

a3

w3
2(x) cos2(nx)dx+ O(n).

Moreover,∫ a4

a3

((x− a3)(a4 − x))3 cos2(nx)dx =
(a4 − a3)7

280
+ O(n−4).
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Therefore, 〈LSψn, ψn〉 → +∞. The inequality ‖ψn‖L2 ≤ ‖w2‖L2 then implies
(3.2).

Theorem 3.1. The spectrum of LS is purely discrete and accumulates at +∞
and −∞, i.e. the operator LS is unbounded from below and from above. There
are no further accumulation points in the spectrum.

Remark 3.2. As shown in Theorem 2.11, the singular functions un and vn of
HT are the n-th eigenfunctions of the operators LS and L̃S, respectively. The
spectra of LS and L̃S are the same, i.e.

LSun = λnun,

L̃Svn = λnvn.

The above theorem states that the eigenvalues λn accumulate at both +∞ and
−∞. As a consequence (see e.g. [Erd55], Section 4.5), when λn is large and
positive, the functions un oscillate on the region where P (x) is negative and
decay monotonically where P (x) is positive. The same is true for vn. Thus,
the un are oscillatory on (a3, a4), the vn oscillate on (a1, a2) and they are both
monotonic on (a2, a3). The opposite is true for large negative λn. In this case,
un and vn both oscillate on (a2, a3) and are monotonic outside of this interval.
This corresponds to singular values σn of HT close to 1 and means that when
inverting HT , high frequencies of the solution can be well recovered, if they occur
in the region (a2, a3). The case λn → +∞ corresponds to σn → 0. Thus, high
frequencies of the solution on (a3, a4) cannot be recovered stably. Fig. 3.1 shows
a plot of the singular functions un and vn for both cases.
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Figure 3.1: Examples of singular functions un (red) and vn (blue) for a1 =
0, a2 = 3, a3 = 6, a4 = 12. Top: For σn close to 0, the singular functions are
exponentially small on [3, 6] and oscillate outside of [3, 6]. Bottom: For σn close
to 1, the functions oscillate on [3, 6] and are exponentially small outside of the
overlap region.

3.3 A procedure for finding the asymptotics of
the singular functions

We now want to study the asymptotic behavior of the eigenfunctions un of LS
and vn of L̃S as λn → +∞. In Section 3.5 we will treat the case λn → −∞.
Away from the singular points ai the solutions to the Sturm–Liouville problem
for large eigenvalues are well approximated by the WKB method. Close to the
singularities, the solutions can be estimated by Bessel functions of the first and
second kind. These two asymptotic expansions can then be matched (see Section
1.3.5) in the overlap of their regions of validity. This procedure was introduced
for two other instances of the truncated Hilbert transform – the interior problem
and the truncated Hilbert transform with a gap – in [KT12], to which we refer
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for full detail and proofs. The difficulty here lies in the essential difference of
the Sturm–Liouville problems for LS and L̃S to the cases considered in [KT12].
This is due to the presence of singular points a3 and a2 in the interior of (a2, a4)
and (a1, a3), respectively.

3.3.1 Outline of the construction of vn for λn → +∞
First, we start with a solution φ = v to

(L− λ)φ = 0 (3.4)

on (a1, a2) and then require that it be bounded at a1. We show that by analytic-
ity, this solution extends to C\[a2, a4]. Next, we extend v to (a2, a4) by analytic
continuation via the upper half plane to a+

3 and require Re v(x + i0) to be
bounded at a3. With this, we can define v as the function analytic on C\[a2, a4]
and extended by Re v(x + i0) on (a2, a4). Then, v satisfies the boundary con-
ditions (2.14) at a+

1 and a−3 and we prove that it also fulfills the transmission
conditions (2.15), (2.17) at a2 and hence is an eigenfunction of L̃S . For large λ,
the described procedure together with the local asymptotic behavior of solutions
to (L− λ)φ = 0 leads to finding the asymptotics of the eigenfunctions.

3.3.2 Validity of the approach

The solution φ = v to (L − λ)φ = 0 is bounded at a1 and therefore analytic
on C\[a2, a4]. Furthermore, v(z) = O(1/z) as z → ∞ and v is analytic at
complex infinity (see [KT12]). We want to construct a solution v extended to
(a2, a4) that also satisfies the transmission conditions (2.15), (2.17) at a2 and
the boundary condition (2.14) at a3. This transition at a2 is not analytic. In
order to find the proper extension to (a2, a4), we will make explicit that v has
to be the Hilbert transform of a function supported on [a2, a4]. To make use of
this property, we first need to introduce the Riemann–Hilbert problem:

For a given function u ∈ L2(γ) on a simple smooth bounded oriented contour
γ ∈ C, find a function Fu(z) such that

Fu(z) is analytic on C\γ (3.5)

Fu(z + i0)− Fu(z − i0) = 2iu(z), z ∈ γ (3.6)

Fu(z)→ 0 as z →∞ (3.7)

This Riemann–Hilbert problem is known to have the unique solution

Fu(z) =
1

π
p.v.

∫
γ

u(τ)

τ − z dτ, z ∈ C.

(see [Gak90], Sections 14.2 and 16.3). This statement can be used in a ”re-
versed” sense: For any function Fu analytic on C\γ that satisfies (3.7), define
the function u on γ to be

u(z) =
Fu(z + i0)− Fu(z − i0)

2i
, z ∈ γ. (3.8)
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If u ∈ L2(γ), then by construction, Fu is the unique solution to the Riemann–
Hilbert problem with right-hand side (3.8). Thus,

Fu(z) =
1

π
p.v.

∫
γ

u(τ)

τ − z dτ on C\γ.

Let γ = [a2, a4], consider v on C\[a2, a4] from above, i.e. v is a solution to
(3.4) and bounded at a1, and define the function u on [a2, a3) ∪ (a3, a4] to be

u(x) :=
1

2i
[v(x+ i0)− v(x− i0)]. (3.9)

Clearly, u ∈ L2([a2, a4]) because v is analytic away from the points ai and is
either bounded or has a logarithmic singularity close to the points ai. With that,
Fu = v is the only solution to the corresponding Riemann–Hilbert problem by
uniqueness. Let v2,4 denote the extension of v onto (a2, a4). With a slight abuse
of notation, we will denote the function v extended by v2,4 again by v. If we
define v2,4(x) := 1

2 [v(x+ i0) + v(x− i0)], the Plemelj-Sokhotksi formula yields
that

v(x) extended by v2,4(x) on (a2, a4) (3.10)

is the Hilbert transform of u(x) in (3.9), where u is supported on [a2, a4]. Note
that both u(x) and v2,4(x) are solutions to (L−λ)φ = 0, because they are linear
combinations of solutions.

For the construction of v in Section 3.4, it will be useful to express v2,4 by
the analytic continuation of v via the upper half plane only, i.e. by v(x + i0).
This can be done as follows: Since λ ∈ R, we can assume that v is real-valued
on R\[a2, a4]. Hence, Im Hu = 0 on R\[a2, a4] and thus, u(x) is real-valued.
Consequently, v2,4(x) is real-valued as well. If for two complex numbers a and
b, a+ b ∈ R and a− b ∈ I, then Re a = Re b and Im a = −Im b. Thus,

v2,4(x) = Re v(x+ i0), (3.11)

u(x) = Im v(x+ i0). (3.12)

With these relations, we can now show that v(x) in (3.10) satisfies the trans-
mission conditions (2.15), (2.17) at a2.

With (2.7), (2.8), we can write v in a neighborhood of a−2 as

v(x) =

∞∑
n=0

dn(x− a2)n + ln |x− a2|
∞∑
n=0

bn(x− a2)n, x < a2. (3.13)

Since v is real-valued, bn, dn ∈ R. The analytic continuation vc of v from a−2 to
a+

2 via the upper half plane is

vc(x) =

∞∑
n=0

dn(x− a2)n + (ln |x− a2| − iπ)

∞∑
n=0

bn(x− a2)n, x > a2. (3.14)

By (3.10), (3.11), for x to the right of a2, v is obtained by extracting the real
part in (3.14). Comparing Re vc(x) with (3.13) then implies the transmission
conditions (2.15) and (2.17) at a2.
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Remark 3.3. Another way to see that v extended by v2,4 satisfies the transmis-
sion conditions is the following: The function u is a solution to (L − λ)φ = 0
and thus is either bounded or of logarithmic singularity at a2. Suppose u has a
logarithmic singularity at a2. Then, its Hilbert transform will have a singularity
at a2 that is stronger than logarithmic. This is a contradiction to v = Hu being
a solution to the differential equation Lv = λv. Therefore, u has to be bounded
at a2. This implies that v = Hu satisfies the transmission conditions at a2.

The boundedness of v2,4 at a3 does not yet follow from the construction but
has rather to be imposed explicitly. This is done by analytic continuation of v
from the interior of (a1, a2) via the upper half plane to a neighborhood of a+

3

and requiring Re v(x + i0) to be bounded as x → a+
3 . Using (2.7), (2.8), v to

the right of a3 can be represented by

v(x) = Re
[ ∞∑
n=0

dn(x− a3)n + ln |x− a3|
∞∑
n=0

bn(x− a3)n
]
, x > a3.

The requirement of boundedness then implies that the coefficient b0 is purely
imaginary. This together with using analytic continuation to express v to the
left of a3 by

v(x) = Re
[ ∞∑
n=0

dn(x− a3)n + (ln |x− a3|+ iπ)

∞∑
n=0

bn(x− a3)n
]

x < a3

then yields that v is also bounded at a−3 .
Thus, requiring boundedness of v at a+

3 is sufficient to obtain that it is also
bounded at a−3 . This is useful because it allows for a procedure where the WKB
approximation only needs to be matched to Bessel solutions on intervals where
the solution is oscillatory, i.e. on (a1, a2) and (a3, a4). In these intervals, we
can make use of the results from [KT12], where the asymptotics of the solutions
to (L − λ)φ = 0 close to the points ai were obtained in the regions where the
solutions oscillate.

3.4 Asymptotic analysis of the SVD for σn → 0

In this section we want to make more precise the method motivated in the
previous section. First, we need to introduce the WKB method.

As outlined in Remark 3.2, for λ > 0 large, the solution v to (L−λ)φ = 0 is
oscillatory where P is negative, i.e. on (a1, a2)∪(a3, a4) and monotonic where P
is positive. We approximate the solution v on (a1, a2) away from the endpoints
by the WKB method. Then, we require that v be bounded at a1. This is
achieved by noting that local solutions of (3.4) close to the singular points ai are
approximated by linear combinations of Bessel functions of the first and second
kind, [KT12] (we will refer to solutions of this type as Bessel solutions). Since the
second kind Bessel function is singular at a2, we match v with a local solution at
a+

1 , which is approximated by a Bessel function of the first kind. The next step
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is to analytically continue the WKB approximation via the upper half plane to
the region to the right of a3. This will be an approximation to the solution v in
that region because the WKB approximation is valid with a uniform accuracy
(see [KT12]). Recall that on (a2, a4), v is defined as v2,4(x) = Re v(x+ i0). At
a+

3 , we require boundedness of Re v(x+i0) by matching it with a Bessel solution
of which the coefficient in front of the unbounded part is purely imaginary. As
will be seen, this requirement leaves us with a discrete set {λn}n∈N for which
LSvn = λnvn, λn → +∞.

Figure 3.2: Sketch of the construction of the vn’s from WKB and Bessel ap-
proximations.

In what follows we will use the following two quantities:

K− :=

∫ a2

a1

1√
−P (x)

dx, K+ :=

∫ a3

a2

1√
P (x)

dx.

One can show that also

K− =

∫ a4

a3

1√
−P (x)

dx

holds (see [KT12]).

3.4.1 The WKB approximation and its region of validity

We consider the WKB method in order to obtain approximations for solutions
v to Lv = λv and large λ on the interior of the intervals where the solutions
oscillate, i.e. on [a1+δ, a2−δ] and [a3+δ, a4−δ] (for some small δ to be defined).
We start by considering a solution on [a1 + δ, a2 − δ] and define ε := 1/

√
λ. Let

C+
0 be the upper half of the complex plane including the real line and let a− and

a∗3,4 be arbitrary but fixed real numbers for which a− < a1 and a∗3,4 ∈ (a3, a4).
It has been shown in [KT12], that for sufficiently small µ1 > 0 a connected
region Λ− ⊂ C+

0 exists, such that Λ− contains the segment [a−, a∗3,4], except for

O(ε2(1−µ1)) size neighborhoods of a1, a2, a3 and such that the following holds:
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Theorem 3.4. (B.3 in [KT12])
Using the WKB method, for every sufficiently small µ1 > 0 independent of

ε, the solutions of (L− λ)φ = 0 are linear combinations of

φ̂1(z) =
1

P (z)1/4
e

√
λ
∫ z
a

dξ√
P (ξ)
(
1 + O(εµ1)

)
, (3.15)

φ̂2(z) =
1

P (z)1/4
e
−
√
λ
∫ z
a

dξ√
P (ξ)
(
1 + O(εµ1)

)
, (3.16)

where the accuracy O(εµ1) is uniform in the region Λ−. The point a can, for
example, be chosen to be a1, a2 or a3.

The same holds in a region Λ+ ⊂ C+
0 which contains the segment [a∗1,2, a

+]

except for O(ε2(1−µ1)) size neighborhoods of a2, a3, a4. Here, a+ and a∗1,2 are
arbitrary but fixed numbers such that a+ > a4 and a∗1,2 ∈ (a1, a2), see [KT12].
Fig. 3.3 shows a sketch of the two regions Λ− and Λ+.

Figure 3.3: Sketches of the regions Λ− and Λ+ on which the WKB approxima-
tions are valid with uniform accuracy.

3.4.2 The Bessel solutions and their region of validity

For x ∈ (a1, a2)∪ (a3, a4) define t = −λ(x−ai)/P ′(ai) for fixed i = 1, . . . , 4 and
let µ2 be a small positive parameter independent of λ.

Then, the two linearly independent solutions to (L − λ)φ = 0 in a region
x− ai = O(ε2µ2) for t ∈ [0, 1) can be written as

ψ̂1(x− ai) = J0(2
√
t) + O(t/λ) (3.17)

= J0(2
√
t) + O(ε2µ2),

ψ̂2(x− ai) = Y0(2
√
t) + O(t1/2/λ) (3.18)

= Y0(2
√
t) + O(ε1+µ2),

and for t ∈ [1,O(ε2(µ2−1))]

ψ̂1(x− ai) = J0(2
√
t) + t−1/4O(ε2µ2), (3.19)

ψ̂2(x− ai) = Y0(2
√
t) + t−1/4O(ε2µ2), (3.20)

where J0 and Y0 denote the Bessel functions of the first and second kind, re-
spectively [KT12].
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Lemma 3.5 (Properties of J0 and Y0). The following holds for small arguments
0 < z � 1:

J0(z) = 1 + O(z2), (3.21)

Y0(z) =
2

π
[ln(z) + γ] + O(z2 ln(z)), (3.22)

where γ denotes the Euler–Mascheroni constant. The asymptotic behavior for
arguments z → +∞ is

J0(z) =

√
2

πz

[
cos(z − π

4
) + O(1/z)

]
, (3.23)

Y0(z) =

√
2

πz

[
sin(z − π

4
) + O(1/z)

]
. (3.24)

3.4.3 Overlap region of validities

If 1−µ1 > µ2 and x ∈ (a1, a2)∪(a3, a
∗
3,4), both the WKB solutions (3.15), (3.16),

with accuracy O(εµ1), and the Bessel solutions (3.19), (3.20), with accuracy
O(ε2µ2), are valid in the region

C1ε
2(1−µ1) < |x− ai| < C2ε

2µ2 (3.25)

for positive constants C1, C2 and i = 1, 2, 3 (Corollary B.11, [KT12]). This also
holds for x ∈ (a∗1,2, a2) ∪ (a3, a4) and i = 2, 3, 4.

3.4.4 Derivation of the asymptotics

The WKB approximation in (a1, a2) away from the endpoints

Using (3.15) and (3.16) with a = a1, the WKB solution to Lv = λv is

v(x) =
1

(−P (x))1/4

[
cos
(1

ε

∫ x

a1

dt√
−P (t)

− π

4

)
· (1 + O(εµ1))+ (3.26)

+c1 sin
(1

ε

∫ x

a1

dt√
−P (t)

− π

4

)
· (1 + O(εµ1))

]
for a constant c1 and it is valid on x ∈ [a1 +O(ε2(1−µ1)), a2−O(ε2(1−µ1))]. Here
we have assumed w.l.o.g. that the constant in front of the cosine term is equal
to 1.

Bounded Bessel solution at a+
1

Let ψ̂1(x) and ψ̂2(x) denote the two linearly independent solutions in the region
x − a1 = O(ε2µ2). The boundedness of v in this region requires that for t =
λ(a1 − x)/P ′(a1), t ∈ [0, 1), and constants b1 and b2 in

v(x) = b1 · ψ̂1(x− a1) + b2 · ψ̂2(x− a1),
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the coefficient b2 be equal to zero. Thus, for t ∈ [1,O(ε2(µ2−1))]

v(x) = b1 · [J0(2
√
t) + t−1/4O(ε2µ2)]. (3.27)

The two solutions (3.26), (3.27) need to be matched in the overlap region in
which they are both valid, i.e. for x such that

O(ε2(1−µ1)) ≤ x− a1 ≤ O(ε2µ2). (3.28)

For this, we approximate the first factor in (3.26) by:

1

(−P (x))1/4
=

1 + O(x− a1)

((a1 − x)P ′(a1))1/4
(3.29)

and for the arguments in the trigonometric expressions we can write∫ x

a1

dt√
−P (t)

=

∫ x

a1

1 + O(t− a1)√
P ′(a1)(a1 − t)

dt

=
1

(−P ′(a1))1/2

∫ x

a1

dt√
t− a1

+

∫ x

a1

O
(
(t− a1)1/2

)
dt

= 2

√
a1 − x
P ′(a1)

+ O((x− a1)3/2).

A Taylor expansion of the cosine and sine function then results in

cos
(1

ε

∫ x

a1

dt√
−P (t)

− π

4

)
= cos

(2

ε

√
a1 − x
P ′(a1)

− π

4

)
+ O((x− a1)3/2/ε),

(3.30)

sin
(1

ε

∫ x

a1

dt√
−P (t)

− π

4

)
= sin

(2

ε

√
a1 − x
P ′(a1)

− π

4

)
+ O((x− a1)3/2/ε). (3.31)

Since x− a1 lies in the overlap region (3.28), the following holds

O((x− a1)3/2/ε) = O(ε3µ2−1).

Inserting this in (3.30) and (3.31), we obtain for the WKB solution in the overlap
region of validity:

v(x) =
1 + O(x− a1)

((a1 − x)P ′(a1))1/4
·
[

cos
(2

ε

√
a1 − x
P ′(a1)

− π

4

)
+

c1 sin
(2

ε

√
a1 − x
P ′(a1)

− π

4

)
+ O(εmin{µ1,3µ2−1})

]
=

1

((a1 − x)P ′(a1))1/4
·
[

cos
(2

ε

√
a1 − x
P ′(a1)

− π

4

)
+ (3.32)

c1 sin
(2

ε

√
a1 − x
P ′(a1)

− π

4

)
+ O(εmin{µ1,3µ2−1,2µ2})

]
.
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We now select µ1 and µ2 such that the error term in the last equation tends to
zero and such that 1− µ1 > µ2. A convenient choice is

µ1 =
1

2
− δ, µ2 =

1

2
− δ

3
, (3.33)

for a small fixed δ > 0, as it was done in [KT12]. The WKB solution has to be
matched with the Bessel solution in (3.27) in the overlap region (3.28). We do
this by matching the two solutions for large t and exploiting the asymptotics
(3.23) of the Bessel function J0, which gives

v(x) = b1
√
ε
(P ′(a1)

a1 − x
)1/4[ 1√

π
cos
(2

ε

√
a1 − x
P ′(a1)

−π
4

)
+O

( ε√
x− a1

)
+O

(
ε1−2δ/3

)]
.

From (x− a1)−1/2 = O
(
ε−(δ+1/2)

)
, we conclude

v(x) = b1
√
ε
(P ′(a1)

a1 − x
)1/4[ 1√

π
cos
(2

ε

√
a1 − x
P ′(a1)

− π

4

)
+ O

(
ε1/2−δ

)]
. (3.34)

Matching the two solutions (3.32) and (3.34) determines the constants b1 and
c1:

b1 =

√
π

−εP ′(a1)

(
1 + O(ε1/2−δ)

)
, (3.35)

c1 = O(ε1/2−δ). (3.36)

Thus, the solution v is of the form

v(x) =
1

(−P (x))1/4

[
cos
(1

ε

∫ x

a1

dt√
−P (t)

− π

4

)
· (1 + O(ε1/2−δ)) (3.37)

+ O(ε1/2−δ) sin
(1

ε

∫ x

a1

dt√
−P (t)

− π

4

)]
on the interval x ∈ [a1 + O(ε1+2δ), a2 −O(ε1+2δ)].

Analytic continuation to a+
3

The next step consists of analytically continuing v in (3.37) to a+
3 via the upper

half plane. Since the WKB approximation is valid in Λ− with uniform accuracy
O(ε1/2−δ) (Theorem 3.4), the analytic continuation of the WKB approximation
(3.37) is an approximation to the analytic continuation of v. Taking into account
the phase shifts of P and using∫ x

a1

dt√
−P (t)

=

∫ a2

a1

dt√
−P (t)

+ i

∫ a3

a2

dt√
P (t)

−
∫ x

a3

dt√
−P (t)

(3.38)

= K− + iK+ −
∫ x

a3

dt√
−P (t)

,
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we obtain

v(x+ i0) =

=
i

(−P (x))1/4
·
[

cos
(1

ε

∫ x

a3

dt√
−P (t)

− K−
ε
− iK+

ε
+
π

4

)
·
(
1 + O(ε1/2−δ)

)
− sin

(1

ε

∫ x

a3

dt√
−P (t)

− K−
ε
− iK+

ε
+
π

4

)
·O(ε1/2−δ)

]
,

where x ∈ [a3 + O(ε1+2δ), a∗3,4]. The properties of the complex valued trigono-
metric functions yield

v(x+ i0) =
i

(−P (x))1/4
·
[{

cos
(1

ε

∫ x

a3

dt√
−P (t)

− K−
ε

+
π

4

)
· cosh

(
− K+

ε

)
− i sin

(1

ε

∫ x

a3

dt√
−P (t)

− K−
ε

+
π

4

)
· sinh

(
− K+

ε

)}
·
(
1 + O(ε1/2−δ)

)
+ O

(
ε1/2−δ

)
·
{

sin
(1

ε

∫ x

a3

dt√
−P (t)

− K−
ε

+
π

4

)
· cosh

(
− K+

ε

)
+ i cos

(1

ε

∫ x

a3

dt√
−P (t)

− K−
ε

+
π

4

)
· sinh

(
− K+

ε

)}]
.

So far, v is a function that is not normalized on [a1, a3]. However, we will
need to work with singular functions that have their L2-norm equal to 1 on
[a1, a3] in order to estimate the singular values correctly. Thus, we incorporate
‖v‖L2([a1,a3]) that is derived in Section A.1 of the appendix, simplify the above
expression and use the relation sinx = cos(x− π

2 ), to obtain a new normalized
function v:

v(x+ i0) =

√
2

K−

−eK+/ε

2(−P (x))1/4
·
[

cos
(1

ε

∫ x

a3

dt√
−P (t)

− K−
ε
− π

4

)
(3.39)

+i sin
(1

ε

∫ x

a3

dt√
−P (t)

− K−
ε
− π

4

)
+ O

(
ε1/2−δ

)]
.

Next, we match this solution to a linear combination of Bessel approxima-
tions at a+

3 and then require boundedness of its real part.
In the overlap region (3.25) close to a+

3 where both the WKB and the Bessel
solution are valid, we define t = λ(a3 − x)/P ′(a3). The function P in (3.39)
can be approximated in the same way as it was done at a+

1 in (3.29) – (3.31).
Factorizing the trigonometric expression, the WKB solution (3.39) can then be
written as

v(x+ i0) =−
√

1

2K−

eK+/ε

((a3 − x)P ′(a3))1/4
e−iK−/ε ·

[
cos(

2

ε

√
a3 − x
P ′(a3)

− π

4
)

+ i sin(
2

ε

√
a3 − x
P ′(a3)

− π

4
) + O(ε1/2−δ)

]
. (3.40)
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In the overlap region (3.25) the Bessel solution is a linear combination of the

solution ψ̂1 in (3.19) bounded at a+
3 and the solution ψ̂2 in (3.20) having a

singularity at a+
3 :

v(x) = b3ψ̂1(x− a3) + c3ψ̂2(x− a3) (3.41)

for constants b3 and c3. To ensure boundedness at a+
3 of the real part of (3.41),

we will need to impose Re c3 = 0. The asymptotics of J0 and Y0 in (3.23) and
(3.24) for large t allow to write the Bessel solution similarly to (3.34) but with
an additional term in Y0:

v(x) =

√
ε

π

(P ′(a3)

a3 − x
)1/4(

b3
[

cos(
2

ε

√
a3 − x
P ′(a3)

− π

4
) + O(ε1/2−δ)

]
+ (3.42)

+c3
[

sin(
2

ε

√
a3 − x
P ′(a3)

− π

4
) + O(ε1/2−δ)

])
.

From the matching of (3.40) with (3.42) for large t, we obtain

b3 = −ic3(1 + O(ε1/2−δ)). (3.43)

The requirement Re c3 = 0 then implies Im b3 = Im c3 ·O(ε1/2−δ) and hence

b3 = Re b3 · (1 + O(ε1/2−δ))

or more explicitly

b3 = −
√

π

2K−ε

eK+/ε√
−P ′(a3)

cos
(K−
ε

)
(1 + O(ε1/2−δ)). (3.44)

The matching also yields that Re c3 = 0 implies Re (ie−iK−/ε) = O(ε1/2−δ).
Thus,

sin
(K−
ε

)
= O(ε1/2−δ)

and as a result
K−
ε

= nπ + O
(
ε1/2−δ

)
. (3.45)

for n ∈ N. This equation for the parameter ε = 1/
√
λ, where λ is a large positive

eigenvalue of the operator LS , shows the essential property of the spectrum of LS
to be purely discrete and, in addition, reveals the rate at which the eigenvalues
tend to +∞. Since the spectrum of LS is both unbounded above and below,
we have to make a choice in terms of the enumeration of the eigenvalues λn.
Equation 3.45 shows that we can choose the enumeration such that√

λn =
nπ

K−
+ O

(
n−1/2+δ

)
, n ∈ N (3.46)

holds. With this and (3.44) we finally obtain the coefficient b3:

b3 = (−1)n+1

√
π

2K−ε

eK+/ε√
−P ′(a3)

(1 + O(ε1/2−δ)). (3.47)



92 CHAPTER 3. ASYMPTOTIC ANALYSIS OF THE SVD

1 2 3 4 5 6 7

−0.20

−0.15

−0.10

−0.05

0.05

0.10

0.15

singularity

O (
√

n) · ln(x − a3)

monotonic oscillatory

O (
√

n)

Figure 3.4: The asymptotic behavior of the singular functions un as σn → 0.

3.4.5 Asymptotic behavior of the singular values accumu-
lating at zero

In the previous sections we have obtained the asymptotics of the functions v
with ‖v‖L2([a1,a3]) = 1 and the property that χ[a1,a3]v are the singular functions
of HT for singular values close to zero. We have found v by defining it to be equal
to the analytic function on C̄\[a2, a4] extended by v2,4 on (a2, a4), see (3.10).
These functions v are the Hilbert transforms of functions u that are supported
on [a2, a4]. If we normalize u as well, this reads Hu = σv, where σ � 1 is the
corresponding singular value of HT . Applying the Hilbert transform on both
sides gives Hv = − 1

σu. Thus, in order to estimate σ, we can proceed as follows:

1. Estimate the jump discontinuity v(a+
3 )− v(a−3 ).

2. Find the logarithmic term in (Hv)(a+
3 ).

3. Determine the logarithmic term in u(a+
3 ).

4. Estimate σ = −u(a+
3 )/(Hv)(a+

3 ).

Combining the asymptotics of the Bessel solutions (3.17), (3.18) with the
representation (3.41) of v close to a+

3 , yields the following asymptotics for v:

v(x) = b3 ·
[
J0(2
√
t) + O(ε1−2δ/3)

]
+ c3 ·

[
Y0(2
√
t) + O(ε3/2−δ/3)

]
,

where t = λ(a3 − x)/P ′(a3) ∈ [0, 1). Using the relation (3.43) between b3 and
c3, we can further write this as

v(x) = −ic3 ·
[
J0(2
√
t) + O(ε1/2−δ)

]
+ c3 ·

[
Y0(2
√
t) + O(ε3/2−δ/3)

]
.
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On the other hand, we know from the Fuchs theorem 1.66 that close to a+
3 a

solution to (L− λ)v = 0 is of the form

v(x) = φ1(x) + φ2(x) ln |x− a3|,

where φ1, φ2 are analytic close to a3. The requirement that Re v(a+
3 ) be bounded

implies Re φ2(a3) = 0. The analytic continuation of v to a neighborhood of a−3
is given by

vc(x) = φ1(x) + φ2(x)[ln |x− a3|+ iπ].

According to (3.11), v at a−3 is equal to Re vc(x). This determines the jump
discontinuity of v across a3 to be −iπφ2(a3). Hence, using the asymptotics
(3.22) of Y0, the jump discontinuity of v at a3 is equal to

v(a+
3 )− v(a−3 ) = −iπφ2(a3) = −ic3 = b3(1 + O(ε1/2−δ)).

This allows to estimate the logarithmic term in Hv to be

− 1

π
b3(1 + O(ε1/2−δ)) ln |x− a3|

(see Section 8.2 in [Gak90] and Lemma 2.2).
Next, we find u, such that supp u = [a2, a4] and Lu = λu with a WKB

approximation which holds on the region Λ+. On (a3, a4), u is oscillatory, so
analogously to the procedure for v, we start with the WKB approximation on
[a3 + O(ε1+2δ), a4−O(ε1+2δ)] and require boundedness at a+

4 . This determines
u (similarly to (3.37) for v) up to a constant:

u(x) =
1

(−P (x))1/4

[
cos
(1

ε

∫ a4

x

dt√
−P (t)

− π

4

)
· (1 + O(ε1/2−δ))

+ sin
(1

ε

∫ a4

x

dt√
−P (t)

− π

4

)
·O(ε1/2−δ)

]
.

Before, we have estimated v at a+
3 and required its real part to be bounded.

Now, in the procedure for u, we are interested in estimating the unbounded part
of u at a+

3 . We make use of the relation∫ x

a3

dt√
−P (t)

=

∫ a4

a3

dt√
−P (t)

+

∫ x

a4

dt√
−P (t)

= −
∫ a4

x

dt√
−P (t)

+K−,

that allows to rewrite u on [a3 + O(ε1+2δ), a4 −O(ε1+2δ)]:

u(x) =
1

(−P (x))1/4

[
cos
(
− 1

ε

∫ x

a3

dt√
−P (t)

+
K−
ε
− π

4

)
· (1 + O(ε1/2−δ))

+ O(ε1/2−δ) sin
(
− 1

ε

∫ x

a3

dt√
−P (t)

+
K−
ε
− π

4

)]
.
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Using (3.45) and trigonometric identities, it then follows that

u(x) =
(−1)n

(−P (x))1/4

[
− sin

(1

ε

∫ x

a3

dt√
−P (t)

− π

4

)
+ O(ε1/2−δ) (3.48)

− cos
(1

ε

∫ x

a3

dt√
−P (t)

− π

4

)
·O(ε1/2−δ)

]
on [a3 + O(ε1+2δ), a4 −O(ε1+2δ)].

In a neighborhood of a+
3 , u can be represented as a linear combination of

the Bessel solutions (3.19) and (3.20). For constants b′3, c′3, this reads

u(x) = b′3
[
J0(2
√
t) + t−1/4O(ε1−2δ/3)

]
+ c′3

[
Y0(2
√
t) + t−1/4O(ε1−2δ/3)

]
,

where t = λ(a3 − x)/P ′(a3) and t ∈ [1,O(ε−1−2δ/3)]. Using the asymptotics
of the Bessel functions for t → +∞ (3.19), (3.20) to match the above with the
WKB solution (3.48) in their overlap region of validity (similarly as in Section
3.4.4) results in

b′3 = (−1)n+1

√
π

−εP ′(a3)
·O(ε1/2−δ), (3.49)

c′3 = (−1)n+1

√
π

−εP ′(a3)
· (1 + O(ε1/2−δ)). (3.50)

After normalization of u (as it is done for v in Section A.1), we can find the
logarithmic term in u(a+

3 ) (up to a sign) with the help of (3.22):

(−1)n+1

π

√
2π

−εP ′(a3)K−
ln |x− a3|(1 + O(ε1/2−δ)).

The sign of u is then determined by u = −σHv and σ > 0. This yields

(Hv)(a+
3 )/u(a+

3 ) =

(−1)n

π

√
π

2K−ε
eK+/ε√
−P ′(a3)

(−1)n+1
√

2π
−εP ′(a3)K−

· 1
π

· (1 + O(ε1/2−δ)),

= −1

2
eK+/ε(1 + O(ε1/2−δ)),

and

σ = 2e−K+/ε(1 + O(ε1/2−δ)).

Theorem 3.6. Let λn be enumerated as in (3.46). Then, the singular values
σn of HT that accumulate at zero, behave asymptotically like

σn = 2e−nπK+/K−(1 + O(n−1/2+δ)), n→∞. (3.51)
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This is the main result of this chapter. It shows the severe ill-posedness of
the underlying problem of reconstructing a function f from HT f = g for given
g: A subsequence of the singular values σn of HT decays to zero, resulting in
the unboundedness of the inverse of HT . As a consequence, small perturbations
in g due to measurement noise will result in unreliable predictions for f . Unlike
in cases of so-called mild ill-posedness, where the singular values decay to zero
at a polynomial rate, the singular values σn of HT decay to zero exponentially,
resulting in severe ill-posedness.

Remark 3.7. The most natural way to find the asymptotics of σn would be
to estimate the jump discontinuity of the singular functions χ[a1,a3]v and then

use H∗T v = σu. However, the jump discontinuity of χ[a1,a3]v at a−3 can only

be estimated to be of the order b3 · O(ε1−2δ/3), where b3 (see (3.47)) contains
the term eK+/ε. Thus, the coefficient in front of the logarithmic term in H∗T v
will also be of the order b3 · O(ε1−2δ/3), which results in the useless estimate
σ = O(eK+/ε · ε1−2δ/3). Therefore, it was necessary to replace HT by the full
Hilbert transform H and to consider Hv = − 1

σu instead of H∗T v = σu to obtain
the result of Theorem 3.6.

3.5 Asymptotic analysis for the case of σn → 1

The previous section described how to derive the asymptotic behavior of the
singular values in the neighborhood of their accumulation point at zero.

Here we show how to easily obtain the asymptotic behavior around the
second accumulation point equal to 1 using a symmetry property that allows to
exploit the analysis done for the first accumulation point.

We define the operator HT,c := P[a2,a4]HP([a1,a3])c , where (·)c denotes the
complement in R and P is the projection operator defined in Section 2.1. We
assume w.l.o.g. a1 < 0 < a2 < a3 < a4. Consider a singular function u ∈
L2([a2, a4]) of HT with singular value σ. As shown in Lemma 2.14, the spectrum
of H∗THT is bounded above by 1. Therefore we can define β2 = 1− σ2, and see
that u satisfies the eigenequation

u− β2u = H∗T HTu.

On the other hand we have H∗H = I, where H is the full Hilbert transform on
the line (see Section 1.4.2). Hence u also satisfies

u = H∗T HTu+H∗T,cHT,cu.

Subtracting the two equations we obtain a new eigenequation for u, now with
eigenvalue β2:

β2u = H∗T,cHT,cu.

We will relate this eigenequation to an eigenequation for a different truncated
Hilbert problem, obtained by the transformation x↔ 1/x. Define η = 1/x and
the singular points ηj = 1/aj , j = 1, . . . , 4. These are ordered as η1 < 0 < η4 <
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η3 < η2. Furthermore, we define the function ū(η) = η−1u(η−1). Note that the
support of ū is η4 < η < η2. With these notations and since 0 /∈ (a2, a4), we
have

x (HT,cu) (x) = x
1

π
p.v.

∫ a4

a2

u(y)

y − xdy =
1

π
p.v.

∫ a4

a2

y u(y)

( 1
x − 1

y )

dy

y2
(3.52)

= − 1

π
p.v.

∫ η2

η4

ū(η)

η − ξ dη = −(H̄T ū)(ξ) with ξ =
1

x
,

where the operator is defined as H̄T : L2([η4, η2])→ L2([η1, η3])2:

(H̄Th)(ξ) =
1

π
p.v.

∫ η2

η4

h(η)

η − ξ dη.

The range in ξ is obtained from

x ∈ ([a1, a3])c = (−∞, a1) ∪ (a3,∞)⇒ ξ ∈ (η1, 0) ∪ (0, η3) = (η1, η3).

We now apply the adjoint transform, and calculate for a2 < z < a4:

z
(
H∗T,cHT,cu

)
(z) =

z

π

{∫ a1<0

−∞
+

∫ ∞
a3>0

}
(HT,cu)(x)

z − x dx,

=
1

πω

{∫ 0

η1

+

∫ η3

0

}
(HT,cu)(1/ξ)

(1/ω − 1/ξ)

dξ

ξ2
,

= − 1

π

∫ η3

η1

(1/ξ) (HT,cu)(1/ξ)

(ω − ξ) dξ,

=
1

π

∫ η3

η1

(H̄T ū)(ξ)

(ω − ξ) dξ = H̄∗T H̄T ū(ω),

where ω = 1/z. This allows to conclude that H̄∗T H̄T ū = β2ū, hence β2 is an
eigenvalue for the truncated Hilbert problem defined by η1 < η4 < η3 < η2.

The implication of this result for the asymptotic behavior of the singular
values around the accumulation points 0 and 1 are as follows. Consider the case
β2 → 0. From the previous section we know that the asymptotic behavior of
these eigenvalues (which are the squares of the singular values of H̄T ) is given
by

βn = 2e−nπK̄+/K̄−(1 + O(n−1/2+δ)).

Here,

K̄+ =

∫ η3

η4

{(t− η1)(t− η2)(t− η3)(t− η4)}−1/2
dt = (|a1|a2a3a4)1/2K−,

K̄− =

∫ η2

η3

{−(t− η1)(t− η2)(t− η3)(t− η4)}−1/2
dt = (|a1|a2a3a4)1/2K+,

2(3.52) is based on the assumption that the variable transformation in the principal value
integrals can be handled in the same way as for ordinary integrals. For a proof of this property
we refer to [Gak90], Section 3.5.
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where the last equalities can be checked by substituting t = 1/y in the integrals.
Using the previous result and recalling the definition β2 = 1 − σ2, we obtain
the asymptotic behavior in the neighborhood of 1 of the singular values of the
original problem defined by a1, a2, a3, a4:

Theorem 3.8. The singular values σ−n, n ∈ N, accumulating at 1 have the
following asymptotic behavior

σ−n =
√

1− β2
n =

√
1− 4e−2nπK−/K+(1 + O(n−1/2+δ)),

= 1− 2e−2nπK−/K+(1 + O(n−1/2+δ)). (3.53)

3.6 Comparison of numerics and asymptotics

In the previous sections, the asymptotic behavior of the singular value decom-
position has been derived. Although these asymptotics only hold in the limit
n → ∞, we would like to illustrate that they also yield a good approximation
of the SVD for small n. For this, we compare the SVD from the asymptotic
formulas with the SVD of a discretization of the operator HT .

For our example, we choose the points ai to be a1 = 0, a2 = 3, a3 = 6, a4 = 12
and the discretization HT of HT to be a uniform sampling with 601 partition
points in the interval [0, 6] and 901 points in [3, 12]. Let vectors X and Y
denote the partition points of [0, 6] and [3, 12] respectively. To overcome the
singularity of the Hilbert kernel the vector X is shifted by half of the sample
size, as it was done in Section 2.6. The i-th components of the two vectors X
and Y are given by Xi = 1

100 (i + 1
2 ) and Yi = 3 + 1

100 i; HT is then discretized
as (HT)i,j = (1/π)(Xi − Yj), i = 0, . . . , 600, j = 0, . . . , 900.

Let si, i = 0, . . . , 313, denote the nonzero singular values of the matrix HT.
Table 3.1 shows a list of a few singular values indicating that for i = 0, . . . , 300
the values si are close to 1, whereas they are close to 0 for i = 302, . . . , 313.
Although in theory, 0 itself is not a singular value of HT but the singular values
only decay to 0, they do this at an exponential rate. In practice, this leads to
matrix realizations of HT which effectively have a large kernel.

i 300 301 302 303 304 305
si 0.9943 0.6630 0.0397 1.132 · 10−3 2.985 · 10−5 7.711 · 10−7

Table 3.1: The singular values of HT in the transition from 1 to 0.

We compare the singular values si, i = 302, . . . , 313 of HT with the asymp-
totic behavior of the singular values σn of HT for σn → 0 (see Theorem
3.6). Here, we neglect the error terms, i.e. we consider the asymptotic form
σn ≈ 2e−nπK+/K− , for n = 1, . . . , 12. By shifting the indices i = 302, . . . , 313
the set of indices n that match i are obtained. The value of the shift is found
by hand. Fig. 3.5 shows a logarithmic plot of this comparison. While Theorem
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3.6 only guarantees that 2e−nπK+/K− is a good approximation of the singular
values σn for n → ∞, our example demonstrates good alignment already for
n = 1.

2 4 6 8 10 12

-40

-30

-20

-10

0

Figure 3.5: Logarithmic plot of the asymptotic (red line) and numerical values
(blue dots) of the singular values tending to zero.

Similarly, we perform a comparison of the singular values si for i = 293, . . . ,
300 of HT with the result from Theorem 3.8 on the asymptotic behavior of the
singular values σ−n → 1. Again, the error terms are neglected, so that σ−n ≈√

1− 4e−2nπK−/K+ for n = 1, . . . , 8 is considered instead. A plot comparing
log(1 − si

2) with log(4e−2nπK−/K+) is shown in Fig. 3.6, illustrating the good
alignment for small values of n.
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-20
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Figure 3.6: Logarithmic plot of the asymptotic (red line) and numerical values
(blue dots) of 1− σ2

−n for the singular values σ−n tending to 1.

To conclude the numerical illustration, we compare the singular vector v307
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of HT with the asymptotic behavior obtained for the singular function v6 of HT .
For this again, only the leading terms in the asymptotic expansions are taken
into consideration. To define the approximation to v6 on the entire interval [0, 6],
we first consider the plots of the WKB and Bessel approximations close to a point
ai. Then, the point of transition from the Bessel to the WKB approximation
is set by hand at a point of good alignment between the two functions. Fig.
3.7 shows the approximation to v6 obtained from the asymptotics compared
to the singular vector v307. In Fig. 3.8, a logarithmic plot indicates that the
asymptotic form is a very good approximation to v307 also on the region where
it decays, i.e. on [3, 6].

1 2 3 4 5 6

-0.10

-0.05

0.05

0.10

0.15

0.20

Figure 3.7: The singular vector v307 (blue) of HT compared with the asymp-
totics for the singular function v6 (red) of HT . Their good alignment makes
them hardly distinguishable.
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Figure 3.8: A logarithmic plot of the comparison in Fig. 3.7. This shows very
accurate alignment also in the region [3, 6] where the functions decay rapidly.
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4.1 Introduction

The decay rate of the singular values obtained in the previous chapter shows
that given two intervals I, J ⊂ R that overlap, the reconstruction of f ∈ L2(I)
from knowing its Hilbert transform Hf on J is severely ill-posed. As one would
expect, this also holds for the case of disjoint intervals I and J , as can be seen
from the decay rates of the singular values in that case [KT12]. In this chapter,
we isolate the difficulty and show that by restricting f to functions having their
variation bounded, reconstruction becomes stable. In particular, for functions
f ∈ H1(I), we show that

‖Hf‖L2(J) ≥ c1 exp

(
−c2
‖f ′‖L2(I)

‖f‖L2(I)

)
‖f‖L2(I),

for some constants c1, c2 > 0 depending only on I, J . It remains an open
problem whether the inequality still holds true when ‖f ′‖L2(I) is replaced by
‖f ′‖L1(I).

This chapter1 is organized as follows: Section 4.2 states the results obtained
for lower bounds on the truncated Hilbert transform of f assuming an a-priori
bound on the total variation of f . It includes a stability estimate in the spirit
of Miller’s theory (Section 1.2.2) as well as an improved estimate for the case
where I and J are not disjoint but overlap. The proofs of these results are the
subject of Section 4.3.

In this chapter we focus on the inversion of the truncated Hilbert transform:

Inversion problem. Given two intervals I, J ⊂ R, for which I 6⊇ J ,
and a real-valued function f ∈ L2(I), when can f be reconstructed
from knowing Hf on J?

It is easy to see that stable reconstruction is problematic (unless I ⊂ J ; see
Eq. 1.42): the possible presence of oscillations within f may lead to strong can-
cellation effects when paired with the convolution kernel x−1 whose singularity
no longer enters into the computation for functions f supported on I\J∗, where
J∗ ⊃ J . This possibility destroys any chance for stable recovery – the problem
is ill-posed. Although the ill-posedness is shown in Chapter 2, the following
observation allows for more insight in the nature of the ill-posedness:

Lemma 4.1. Let I, J ⊂ R with I 6⊆ J . Then, for any ε > 0, there exists a
function f ∈ C∞c (I) such that

‖Hf‖L∞(J)

‖f‖L1(I)
≤ ε.

1This chapter is the result of joint work [AAS14] with S. Steinerberger, Mathematical
Institute, University of Bonn, Endenicher Allee 60, Bonn, Germany.
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Figure 4.1: A function f on [0, 1] with ‖Hf‖L2([2,3]) ∼ 10−7‖f‖L2([0,1]).

Proof. Let J∗ ⊃ J be some small neighborhood of J such that I 6⊂ J∗. The
problem is translation invariant, assume w.l.o.g. that 0 ∈ I \ J∗. Take any
φ ∈ C∞c (I \ J∗), φ 6≡ 0. Then φ′ has one vanishing moment and a simple
computation shows that

‖H(Nφ′(Nx))‖L∞(J)

‖Nφ′(Nx)‖L1(I)
.

1

N
.

These examples, however, have an increasing total variation because |Nφ′(Nx)|TV
scales like N. It is the purpose of this chapter to point out that an inverse in-
equality is true: reconstruction becomes stable for functions with controlled total
variation.

Let I and J be non-empty intervals on R. We consider the case

I 6⊇ J and I 6⊂ J (4.1)

and recall from Section 2.1, that there is a natural case distinction for (4.1).

(a) Truncated Hilbert transform with a gap. The intervals are disjoint, i.e.
I ∩ J = ∅.

(a) Truncated Hilbert transform with overlap. This is the case I ∩ J 6= ∅.
Both these cases are severely ill-posed. This is shown in the previous chapter

for the case of the truncated Hilbert transform with overlap and in [KT12] for
the truncated Hilbert transform with a gap. The results stated in Section 4.2
only assume I 6⊇ J, since the problem only becomes easier if we drop the second
requirement, i.e. if we allow I ⊂ J. In such a case, there is even an explicit
inversion formula for the truncated Hilbert transform (see Eq. 1.42). Note that
we explicitly exclude the interior problem by requiring I 6⊇ J. Comparing the
two cases we consider here – the truncated Hilbert transform with a gap and
with overlap – one would expect that stronger results are true in the second
case. A preliminary attempt at finding estimates specifically tailored to the
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(a) Truncated Hilbert transform with a gap. (b) Truncated Hilbert transform with over-
lap.

Figure 4.2: Left: The truncated Hilbert transform with a gap. Right: The
truncated Hilbert transform with overlap, cf. Fig. 2.1.

case of overlapping intervals is presented in Section 4.2.5. In what follows we
will use the notation HT = PJHPI to denote the truncated Hilbert transform
for either of the two cases.

A few relations we will make use of below are the following inclusions that
hold on finite intervals Ω ⊂ R :

H1(Ω) ⊂W 1,1(Ω) ⊂ BV (Ω) ⊂ L2(Ω) ⊂ L1(Ω).

4.2 Statement of results

4.2.1 Functions of bounded variation

Our first result establishes a stability result for functions that have bounded
variation. This seems to be the appropriate notion to exclude strong oscillation
while still allowing for rather rough functions with jump discontinuities. The
total variation (TV) model has been studied as a regularizing constraint in
computerized tomography before, see e.g. [SP08].

Theorem 4.2. Let I, J ⊂ R be intervals satisfying I 6⊇ J and consider functions
f ∈ BV (I). There exists a positive function h : [0,∞)→ R+ such that

‖Hf‖L2(J) ≥ h
( |f |TV
‖f‖L2(I)

)
‖f‖L2(I),

where |·|TV denotes the total variation of f .

We conjecture
h(κ) ≥ c1e−c2κ

for constants c1, c2 > 0 depending only on I and J . The Hilbert transform is
the classical example of a singular integral operator – however, if in the above
we consider the (more difficult) case of I and J being disjoint, the truncated
Hilbert transform turns into a highly regular, smoothing integral operator as the
singularity never comes into play. These smoothing properties of the truncated
Hilbert transform with a gap HT allow to approximate any function f ∈ L2(I)
by C∞-functions fn such that HT fn → HT f in L∞(J). This can be seen from

‖HT fn −HT f‖L∞(J) ≤ c̃‖fn − f‖L1(I) ≤ c‖fn − f‖L2(I),
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where c̃ = maxx∈I,y∈J
1
|y−x| and c = c̃ · |I|. In particular, the problem is not

easier for smooth functions.

4.2.2 Weakly differentiable functions

Our second statement is a quantitative version for more regular functions f .
The actual regularity plays no role as the following lemma shows:

Lemma 4.3. One can always approximate a function f ∈ BV (I) by a sequence
fn ∈ C∞c (I) such that

‖fn − f‖L2(I) → 0 and |fn|TV ≤ 3 · |f |TV .
Proof. A function f ∈ BV (I) can be approximated by smooth functions in the
following way [AFP00, Section 5.1]: There exists a sequence {fn} ∈ C∞(I) ∩
BV (I) such that

‖fn − f‖L1(I) → 0, (4.2)

|fn|TV → |f |TV . (4.3)

We are seeking an approximation by smooth functions that vanish at the bound-
ary. Since C∞c (I) ⊂ BV (I) is dense in L1(I), one can also find a sequence
fn ∈ C∞c (I), where instead of (4.3), we have |fn|TV ≤ 3 · |f |TV .

Finally, L2-convergence can be obtained as follows by noting that {fn} is
uniformly bounded:

Suppose there exists a subsequence {fnk} such that ‖fnk‖L∞(I) > 3 |f |TV +ε
for some small ε > 0. Then, fnk does not change sign. Suppose w.l.o.g. fnk > 0.
This yields

0 < ‖fnk‖L∞(I) − 3 |f |TV ≤ fnk(x), x ∈ I.
Furthermore,∫

I

(‖fnk‖L∞(I) − 3 |f |TV )dx ≤ ‖fnk‖L1(I) ≤ 2‖f‖L1(I),

which results in the uniform bound ‖fn‖L∞(I) ≤ 2‖f‖L1(I)/|I|+ 3 |f |TV .
Since L1-convergence in (4.2) implies the existence of a subsequence {fnk}

of {fn} such that fnk
pw−−→ f almost everywhere, the dominated convergence

theorem results in
‖fnk − f‖L2(I) → 0.

We recall that for weakly differentiable functions

|f |TV =

∫
I

|f ′(x)|dx

and the total variation coincides with ‖f ′‖L1(I). In light of Theorem 4.2, the
total variation seems to be the natural quantity for more regular functions to
look at. Our next statement, however, requires Hilbert space techniques for
which we consider ‖f ′‖L2(I).
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Theorem 4.4. Let I, J ⊂ R be intervals for which I 6⊇ J . Then, for any
f ∈ H1(I),

‖Hf‖L2(J) ≥ c1 exp

(
−c2
‖f ′‖L2(I)

‖f‖L2(I)

)
‖f‖L2(I), (4.4)

for some constants c1, c2 > 0 depending only on I, J .

It remains an open question whether (4.4) still holds true for an improved
estimate where ‖f ′‖L2(I) would be replaced by ‖f ′‖L1(I). A step function f , for
example, can very well be approximated by smooth functions fn in such a way
that ‖(fn)′‖L1(I) remains controlled by the total variation of f . However, this
is no longer true for ‖(fn)′‖L2(I), which cannot stay bounded.

4.2.3 A quantitative result for functions with bounded
variation

Our third result gives a suboptimal version of Theorem 4.4 for functions f ∈
H1(I) with the total variation instead of the L2−norm of the gradient. Note
that the scaling within the exponential is now quadratic: the inequality is su-
perior to the bound given by Theorem 4.4 only for functions with ‖f ′‖L2(I) �
‖f ′‖2L1(I)/‖f‖L2(I).

Theorem 4.5. Let I, J ⊂ R be intervals for which I 6⊇ J . Then, for any
f ∈W 1,1(I),

‖Hf‖L2(J) ≥ c1 exp

(
−c2

|f |2TV
‖f‖2L2(I)

)
‖f‖L2(I),

for some constants c1, c2 > 0 depending only on I, J .

The proofs of Theorems 4.4 and 4.5 both use the relation of the truncated
Hilbert transform HT to a differential operator (a property that has been dis-
cussed in Chapter 2). The proof of Theorem 4.4 uses the orthogonality of the
singular functions of HT and the asymptotics of the singular values, but does
not rely on the asymptotic behavior of the singular functions. In contrast, the
proof of Theorem 4.5 uses an elementary estimate adapted to the asymptotics
of the singular functions and inspired from classical Fourier analysis. It is not
clear to us, whether and how these arguments could be refined.

4.2.4 Stable reconstruction

The statement in Theorem 4.5 allows for a preliminary stability estimate for the
reconstruction of a solution f to HT f = g. In the application of computerized
tomography one needs to solve HT f = g for a given right-hand side g. In
practice, g has to be measured and is thus never known exactly, but only up to
a certain accuracy. Since the range of the operator HT is dense but not closed
in L2(J), the inversion of HT is ill-posed, see Theorem 2.13. As a consequence,
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the solution f to HT f = g does not depend continuously on the right-hand side.
Small perturbations in g due to measurement noise might change the solution
completely, making the outcome unreliable.

The following corollary states that for g being the exact data, of which we
only know a noisy measurement gδ and the noise level ‖g− gδ‖L2(J) ≤ δ, stable
reconstruction is possible under the assumption that the true solution fex to
HT f = g has bounded variation.

Corollary 4.6. Let g ∈ Ran(HT ), such that

HT fex = g

and |fex|TV ≤ κ for some κ <∞. Furthermore, let gδ ∈ L2(J) satisfy

‖g − gδ‖L2(J) ≤ δ

for some δ > 0 and define the set of admissible solutions to be

S(δ, gδ) = {f ∈W 1,1(I) : ‖HT f − gδ‖L2(J) ≤ δ, |f |TV ≤ κ}.

Then, the diameter of S(δ, gδ) tends to zero as δ → 0 (with a rate c̃κ/
√
| log δ|,

where c̃ > 0 depends on I and J).

Thus, under the assumption that the true solution fex to HT f = g has
bounded variation, any algorithm that, given δ and gδ, finds a solution in S(δ, gδ)
is a regularization method (cf. Section 1.2.2 on Miller’s theory).

4.2.5 An improved estimate for the overlap case

The case of disjoint intervals I and J is the worst case scenario in terms of
reconstruction from Hilbert transform data. It seems that reconstruction in
the case of the truncated Hilbert transform with overlap is an easier task in
the sense that one would expect the inversion problem to be more stable. The
singular values decay to zero at a similar exponential rate in both cases, which
is due to the fact that the truncated Hilbert transform with overlap contains, at
this level of generality, the truncated Hilbert transform with a gap as a special
case (as functions may be supported away on I \J). It is this ill-posedness that
in practice has led to the concept of region of interest reconstruction. Here,
the aim is to reconstruct the function f only on the region where the Hilbert
transform has been measured. For the truncated Hilbert transform with overlap
this means reconstruction of f only on the overlap region I ∩ J .

The reason why this problem of partial reconstruction might be more stable
lies in the intuitive explanation that one would expect interaction with the
singularity of the Hilbert transform to be of such kind that it cannot lead to
too strong cancellation. One can also consider the singular value decomposition
of HT . In the case with overlap the singular values accumulate at both 0 and
1. Moreover, the singular functions have the property that they oscillate on
I ∩ J and are monotonically decaying to zero on I\J as the singular values
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accumulate at 1 (cf. Remark 3.2). The opposite is true when the singular
values decay to zero: the corresponding singular functions oscillate outside of
the region of interest, i.e. on I\J and are monotonically decaying to zero on
I ∩ J . Figure 4.3 below (cf. Fig. 3.1) illustrates the behavior of the singular
functions for a specific choice of overlapping intervals I and J .
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Figure 4.3: Examples of singular functions un (red) and vn (blue) for the overlap
case I = [0, 6], J = [3, 12]. Left: For σn close to 0, the singular functions are
exponentially small on [3, 6] and oscillate outside of [3, 6]. Right: For σn close
to 1, the functions oscillate on [3, 6] and are exponentially small outside of the
overlap region.

A more precise estimate on the decaying part of the singular functions is
the subject of joint work with M. Defrise and A. Katsevich, [AADK14]. This
property is studied there because it allows for new types of stability estimates
related to the region of interest, but these are outside of the scope of the results
given here. However, we can still make use of that property of the singular
functions to improve the statement in Theorem 4.5. It can be formulated as
follows:

For real numbers a1 < a2 < a3 < a4, let I = [a2, a4], J = [a1, a3] and let us
consider the singular functions un on I corresponding to the singular values σn
decaying to zero. Then, one can show that for any µ > 0 there exist positive
constants Bµ and βµ such that ‖un‖L2([a2,a3−µ]) ≤ Bµe

−βµn for sufficiently
large index n. A proof of this statement is given in Section A.3. Exploiting
this property, we can eliminate the dependence on the variation of f within the
region of interest in Theorem 4.5:

Theorem 4.7. Let I, J ⊂ R be open intervals for which I\J 6= ∅ and J\I 6= ∅.
Then, for any closed subinterval J∗ ⊂ J and any function f ∈ W 1,1(I) for
which |χI\J∗f |TV 6= 0, the following holds:

‖Hf‖L2(J) ≥ c1 exp

(
−c2
|χI\J∗f |2TV
‖f‖2L2(I)

)
‖f‖L2(I),

for some constants c1, c2 > 0 depending only on I, J and J∗.
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The most interesting open question that remains is whether estimates of the
form

‖Hf‖L2(J) ≥ h
( |f |TV
‖f‖L2(I)

)
‖f‖L2(I∩J)

are possible for a function h that shows a decay that is slower than the quadrat-
ically exponential type in Theorems 4.5 and 4.7.

Remark 4.8. Theorem 4.7 can be used in a similar fashion as Theorem 4.5 to
obtain a stability estimate as the one stated in Corollary 4.6. The statement can
be formulated similarly, with the only change that the set of admissible solutions
becomes

S(δ, gδ) = {f ∈W 1,1(I) : ‖HT f − gδ‖L2(J) ≤ δ, |χI\J∗f |TV ≤ κ}.

One can then adapt the proof of Corollary 4.6 to obtain that the diameter of
S(δ, gδ) tends to zero as δ → 0 at a rate c̃κ/

√
| log δ|, where c̃ > 0 is some

constant depending on I, J and J∗.

4.3 The Proofs

This section contains the proofs. We note in advance that our statements for the
truncated Hilbert transform with an overlap are of such kind that they follow
from the corresponding statement for the truncated Hilbert transform with a
gap. Since I 6⊂ J , we can always find an interval J∗ ⊂ J such that I and J∗ are
disjoint. Trivially, however,

‖Hf‖L2(J) ≥ ‖Hf‖L2(J∗).

Therefore, w.l.o.g., we restrict ourselves to the cases of the truncated Hilbert
transform with a gap in the following proofs. The only exception is Theorem
4.7, where we use the properties of the case with overlap to obtain a stronger
result.

Proof of Theorem 4.2

Proof. The proof will proceed by contradiction. We begin with assuming the
existence of a sequence fn ∈ BV (I) that has uniformly bounded variation, i.e.
for some κ > 0, |fn|TV ≤ κ. In addition, suppose that ‖fn‖L2(I) = 1 and that
‖Hfn‖L2(J) is not bounded below, i.e.

lim
n→∞

‖Hfn‖L2(J) = 0. (4.5)

Step 1. The first step of the proof consists of showing that these assumptions
imply the uniform boundedness of fn, more precisely that the following holds:

lim sup
n→∞

‖fn‖L∞(I) ≤ κ+
1√
|I|
. (4.6)
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This can be seen as follows:
Suppose that for some indexN and some ε ∈ (0, 1/

√
|I|), we have ‖fn‖L∞(I) ≤

κ+ ε for all n ≥ N . Then (by dropping the first N elements), we have found a
sequence that is uniformly bounded with the above bound in (4.6). If such an
index N does not exist, we can find a subsequence fnk such that

‖fnk‖L∞(I) > κ+ ε.

This together with the assumed bound on |fn|TV , requires that fnk does not
change sign. Suppose w.l.o.g. that fnk > 0. Then, |fnk |TV ≤ κ implies

0 < ‖fnk‖L∞(I) − κ ≤ fnk(x), x ∈ I.
Hence, ∫

I

(‖fnk‖L∞(I) − κ)2dx ≤
∫
I

fnk(x)2dx

(‖fnk‖L∞(I) − κ)2 · |I| ≤ 1

‖fnk‖L∞(I) ≤
1√
|I|

+ κ.

Step 2. This step relies on Helly’s selection theorem, which is a compactness
theorem for BVloc. It can be stated as follows:

Let Ω ⊂ R be an open subset and fn : Ω→ R a sequence of functions with

sup
n∈N

(
‖fn‖L1(Ω) +

∥∥∥∥ ddxfn
∥∥∥∥
L1(Ω)

)
<∞,

where the derivative is taken in the sense of tempered distributions. Further-
more, assume there is a point t ∈ Ω such that |fn(t)| ≤ c for some constant
c > 0. Then there exists a subsequence {fnk} and a function f ∈ BVloc(Ω)
such that fnk converges to f pointwise and in L1

loc(Ω). Moreover, |f |TV ≤
lim infn→∞ |fn|TV .

As shown before, our sequence {fn} is not only bounded at one point but
uniformly bounded on the interval I. Applying Helly’s selection theorem implies
the existence of a subsequence {fnk}, such that their pointwise limit f is in
BVloc(I). Furthermore, the uniform boundedness yields that for almost any
point q ∈ I

|fnk(q)| ≤ ‖fnk‖L∞(I) ≤ κ+
1√
|I|
.

Since |fnk(q)| → |f(q)|, we obtain

|f(q)| ≤ κ+
1√
|I|

for almost all q ∈ I and hence f ∈ BV (I). Moreover, the dominated conver-
gence theorem implies that the uniform boundedness of fnk together with their
pointwise convergence to f results in convergence in the L2-sense, i.e.

‖fnk − f‖L2(I) → 0.
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Consequently,
‖Hfnk −Hf‖L2(J) ≤ ‖fnk − f‖L2(I) → 0.

Combining this with (4.5) yields ‖Hf‖L2(J) = 0. Applying Lemma 2.12 then
results in f ≡ 0, in contradiction to the assumption ‖fn‖L2(I) = 1.

Proof of Theorem 4.4

This proof makes essential use of the singular value decomposition of HT and the
relation of HT to a differential operator as established in [Kat10, Kat11]. The
explicit form of the involved operators will allow us to deduce that if ‖f ′‖L2(I)

is small, then there is some explicit part of the L2-norm of f that is comprised
of singular functions associated to the largest singular values.

Proof. Let HT be as above (the truncated Hilbert transform with a gap) and
assume w.l.o.g. that J = (a1, a2) and I = (a3, a4) (for real numbers a1 <
a2 < a3 < a4) as well as ‖f‖L2(I) = 1. Furthermore, let {σn;un, vn}n∈N be the
singular value decomposition of HT . Note that, by definition,

‖HT f‖2L2 =

∞∑
n=0

|〈f, un〉|2σ2
n.

Let L be the differential operator as in Definition 2.3 and let LI be the restriction
of L to the domain

D = {ψ ∈ Dmax : P (x)ψ′(x)→ 0 for x→ a+
3 , x→ a−4 },

where Dmax is as in Definition 1.49.
Then, as shown in [Kat10], a commutation property of LI with HT yields

that the un’s form an orthonormal basis of L2(I) and that they are the eigen-
functions of LI , i.e. LIun = λnun for λn being the n-th eigenvalue of LI . In
addition, the asymptotic behavior of the eigenvalues λn of LI as well as that of
the singular values σn of HT is known. Katsevich & Tovbis [KT12] have given
the asymptotics including error terms from which we can deduce that

λn ≥ k1n
2,

σn ∼ e−k2n,
where k1, k2 > 0 depend only on the intervals I and J . By density, it suffices
to prove the statement for functions in H1(I) ∩ D. Integration by parts yields
that for f ∈ H1(I) ∩ D :

〈Lf, f〉 = −
∫ a4

a3

P (x)f ′(x)2dx+ (P (x)f ′(x))f(x)
∣∣∣a4
a3

+

∫ a4

a3

2(x− σ)2f(x)2dx

= −
∫ a4

a3

P (x)f ′(x)2dx+

∫ a4

a3

2(x− σ)2f(x)2dx

≤ ‖P‖L∞(I)‖f ′‖2L2(I) + 2(a4 − a1)2‖f‖2L2(I)

≤ k3‖f ′‖2L2(I) + k3,
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for some constant k3 > 0 depending only on I and J . Altogether, we thus have

∞∑
n=0

|〈f, un〉|2λn = 〈Lf, f〉 ≤ k3‖f ′‖2L2(I) + k3.

From the asymptotic behavior λn ≥ k1n
2 and

∞∑
n=0

|〈f, un〉|2 = 1

we obtain the existence of a constant k4 depending on k3 and k1 such that∑
n≤k4‖f ′‖L2(I)

|〈f, un〉|2 ≥
1

2
.

This implies

‖HT f‖2L2 =

∞∑
n=0

|〈f, un〉|2σ2
n

≥
∑

n≤k4‖f ′‖L2(I)

|〈f, un〉|2σ2
n

≥

 ∑
n≤k4‖f ′‖L2(I)

|〈f, un〉|2
σ2

dk4‖f ′‖L2(I)e

≥ 1

2
e−2k2k4‖f ′‖L2(I) .

Remark. The asymptotics in the results of [KT12] are actually more precise
than stated. In particular, setting

K+ =
π√

(a4 − a2)(a3 − a1)
2F1

(
1

2
,

1

2
, 1;

(a3 − a2)(a4 − a1)

(a4 − a2)(a3 − a1)

)
,

K− =
π√

(a4 − a2)(a3 − a1)
2F1

(
1

2
,

1

2
, 1;

(a2 − a1)(a4 − a3)

(a3 − a1)(a4 − a2)

)
,

where 2F1 is the hypergeometric function, it is found that

λn =
π2

K2
+

n2(1 + o(1)),

σn = e
−πK+

K−
n
(1 + o(1)).

These results can be used to derive explicit constants k1, k2 for explicitly given
intervals I, J . The constants k3, k4 can also be explicitly calculated and this
yields explicit bounds for the implicit constants c1, c2 in Theorem 4.4.
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Proof of Theorem 4.5

It is well known that smoothness of a function f : T→ R translates into decay of
the Fourier coefficients f̂(n). This statement is usually proven using integration

by parts and, in particular, f ∈ Ck yields |f̂(n)| ≤ Cf(k),kn
−k. However, it

is easy to see that for k = 1 it actually suffices to require f to be of bounded
variation: this observation dates back at least to a paper from 1967 (but is
possibly quite a bit older) of Taibleson [Tai67], who showed that

|f̂(n)| ≤ 2π
|f |TV
n

.

We will show the analogous statement with the Fourier system replaced by the
singular functions un – the argument exploits an asymptotic expression and,
implicitly, Abel’s summation formula as a substitute for integration by parts.

Lemma 4.9. There exists c > 0 depending only on the intervals I, J such that
for any f of bounded variation vanishing at the boundary of the interval I

|〈f, un〉| ≤ c
|f |TV
n

holds.

Proof. We may assume w.l.o.g. by density that f ∈ C1 (or, alternatively, replace
every integral by summation and integration by parts by Abel’s summation
formula). Let I = (a3, a4). It suffices to show that

∀ x ∈ (a3, a4) :

∣∣∣∣∫ x

a3

un(z)dz

∣∣∣∣ ≤ c

n
. (4.7)

Once this is established (see Section A.2 for the proof of the above statement),
we can write∣∣∣∣∫ a4

a3

f(x)un(x)dx

∣∣∣∣ =

∣∣∣∣∫ a4

a3

f(x)

(
d

dx

∫ x

a3

un(z)dz

)
dx

∣∣∣∣
=

∣∣∣∣∫ a4

a3

f ′(x)

(∫ x

a3

un(z)dz

)
dx

∣∣∣∣
≤ sup
a3≤x≤a4

∣∣∣∣∫ x

a3

un(z)dz

∣∣∣∣ ∫ a4

a3

|f ′(x)|dx.
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Now, for any L2-normalized f, the following holds:

1 = ‖f‖2L2(I) =

N∑
n=0

|〈f, un〉|2 +

∞∑
n=N+1

|〈f, un〉|2

≤
N∑
n=0

|〈f, un〉|2 + c2 |f |2TV
∞∑

n=N+1

1

n2

≤
N∑
n=0

|〈f, un〉|2 +
c2 |f |2TV
N

.

This implies that at least half of the L2-mass is contained within the first N =
c2 |f |2TV frequencies for some c2 depending only on c. The remainder of the
argument can be carried out as in Theorem 4.4.

Proof of Corollary 4.6

Proof. Let f1 and f2 be elements in S(δ, gδ). From Theorem 4.5 and |f1 −
f2|TV ≤ 2κ, we obtain

‖f1 − f2‖L2(I) ≤
1

c1
e
c24κ2/‖f1−f2‖2L2(I)‖HT (f1 − f2)‖L2(J).

Linearity of HT and the properties of S then yield

‖f1 − f2‖L2(I) ≤
1

c1
e
c24κ2/‖f1−f2‖2L2(I)‖HT (f1 − f2)‖L2(J)

≤ 1

c1
e
c24κ2/‖f1−f2‖2L2(I)(‖HT f1 − gδ‖L2(J) + ‖gδ −HT f2‖L2(J))

≤ 1

c1
e
c24κ2/‖f1−f2‖2L2(I)2δ.

Thus, one obtains

log(‖f1 − f2‖L2(I))−
c24κ2

‖f1 − f2‖2L2(I)

≤ log(2δ/c1).

From this we see that ‖f1 − f2‖L2(I) has to decay to zero as δ → 0 and the
following convergence rate in dependence of δ can be guaranteed:

‖f1 − f2‖L2(I) ≤
c̃κ√
| log δ|

.

Here, c̃ is a positive constant depending on c1 and c2 and thus, on I and J .
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Proof of Theorem 4.7

Proof. Let I = [a2, a4] and J = [a1, a3] for a1 < a2 < a3 < a4 and let the
subinterval J∗ of J be defined as [a1 + µ, a3 − µ] for some small µ > 0. For the
two accumulation points of the singular values of HT , we use (as in Chapter
3) the convention σn → 1 for n → −∞ and σn → 0 for n → ∞. The two
main ingredients that are needed for the statement in Theorem 4.7 are that for
sufficiently large index N , there exist positive constants Bµ, βµ and c depending
only on I, J and µ such that the following holds for all n > N :

‖un‖L2(I∩J∗) ≤ Bµe−βµn, (4.8)

sup
x∈I\J∗

|
∫ x

a3−µ
un(z)dz| ≤ c

n
. (4.9)

These properties of the singular functions un corresponding to singular values
close to zero then allow to estimate the inner products 〈f, un〉. The proofs of
these inequalities are given in Sections A.3 and A.4. Assuming ‖f‖L2(I) = 1
and f vanishing at the boundary of I\J∗, we obtain∣∣∣∣∫

I

f(x)un(x)dx

∣∣∣∣ ≤ ∣∣∣∣∫
I∩J∗

f(x)un(x)dx

∣∣∣∣+

∣∣∣∣∣
∫
I\J∗

f(x)un(x)dx

∣∣∣∣∣
≤ Bµe−βµn + |χI\J∗f |TV sup

x∈I\J∗

∣∣∣∣∫ x

a3−µ
un(z)dz

∣∣∣∣
≤ Bµe−βµn +

c

n
|χI\J∗f |TV

≤ c̃

n
|χI\J∗f |TV ,

for some constant c̃ > 0 depending only on I, J and µ. The last step in the
above follows from the assumption that |χI\J∗f |TV is not equal to zero. The
remainder of the argument is then similar to the proof of Theorem 4.5. By
choosing N large enough in

1 = ‖f‖2L2(I) ≤
N∑

n=−∞
|〈f, un〉|2 +

c̃2

N
|χI\J∗f |2TV ,

the sum
∑N
n=−∞ |〈f, un〉|

2
contains at least half of the energy of f and thus

‖HT f‖2L2 =

∞∑
n=−∞

|〈f, un〉|2 σ2
n

≥
N∑

n=−∞
|〈f, un〉|2 σ2

n ≥
1

2
σ2
N

≥ 1

2
e−k|χI\J∗f |

2
TV ,

for some constant k depending only on I, J and µ.
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In this final chapter, we illustrate how regularized inversion of the truncated
Hilbert transform in 1D leads to good reconstruction in 2D within a restricted
ROI that is a true subset of the object support. For the inversion in 1D we test
both Tikhonov regularization and total variation (TV) minimization.

5.1 Regularized reconstruction in one dimension

We first test the reconstruction in 1D. For the true solution f , we take the 1D
section in Fig. 5.1(b), which is the 500-th column of the 2D phantom in Fig.
5.11 that will be reconstructed in the next section. The exact 1D data g shown
in Fig. 5.1(a) is a truncated version of the Hilbert transform obtained from
the DBP method (see Section 5.2 for more details). The truncation is done
according to the limited FOV in Fig. 5.12. The discrete version HT of the
truncated Hilbert transform is found as in Sections 2.6 and 3.6 by half-shifting
one set of samples, i.e. (HT)j,k = (1/π)(Xj−Yk), j = 1, . . . , 548, k = 1, . . . , 399,
where X = (353.5, . . . , 900.5) and Y = (313, . . . , 711).

Reconstructions of f are obtained from noisy measurements gδ = g+nδ with
Gaussian noise and different noise levels. These are taken to be 0%, 1%, 5% and
10%, i.e. ‖nδ‖ = 0, 0.01 · ‖g‖, 0.05 · ‖g‖, 0.1 · ‖g‖, respectively.

For the Tikhonov regularization the regularization parameter α is chosen
according to the discrepancy principle, except in the noise-free case, where
α = 0.01. Starting with α = 1, the regularized solution is computed and α
is reduced by half each time the norm of the residual is above ‖nδ‖. In each step
the regularized solution is computed according to (1.12), i.e. an explicit matrix
inversion. Figure 5.2 compares the Tikhonov reconstruction with the true solu-
tion in the noise-free case. Figures 5.3, 5.4 and 5.5 show, for the different noise
levels, the exact and noisy data as well as a plot of the reconstructed signal with
Tikhonov regularization against the true solution.

The total variation minimization is realized with the algorithm proposed
by Loris & Verhoeven, [LV11]. We have chosen this method for its simplicity,
avoiding nested loops that appear e.g. in the Split–Bregman algorithm, [GO09].

The algorithm introduced by Loris & Verhoeven is an iterative method for
finding a vector

f̂ = arg min
f
{1

2
‖Kf − g‖22 + λ‖Af‖1}, (5.1)

for a given matrix K and a linear operator A. In case of TV minimization,
A = grad. The norms in the above are to be understood in the discrete sense,
i.e. ‖u‖22 =

∑
i |ui|2 and ‖u‖1 =

∑
i |ui| for u ∈ RN for some N ∈ N.

The variational formulation of (5.1) then leads to the fixed point equations

f = f +KT (g − Tf)−ATw, (5.2)

w = Pλ(w +Af). (5.3)

Here, Pλ denotes the projection onto the `∞-ball of radius λ, i.e.

Pλ(u) =

{
λ u
|u| for |u| > λ

u for |u| ≤ λ
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Figure 5.1: Top: Exact data. Bottom: Exact signal. The true solution f is a
vector of length 548, the exact data g is of length 399. The segment of f within
the region of interest ranges from samples 190 to 548, thus the position of the
point a3 of truncation corresponds to the 190-th sample.

The algorithm is then based on the following iteration:

f̄n+1 = fn +KT (g −Kfn)−Atwn

wn+1 = Pλ(wn +Af̄n+1)

fn+1 = fn +KT (g −Kfn)−ATwn+1.
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For the convergence of the method, ‖K‖ <
√

2 and ‖A‖ < 1 are required. In case
these bounds do not hold, scaling parameters σ, τ > 0 such that τ < 2/‖KTK‖
and σ < 1/‖AAT ‖ can be introduced to guarantee convergence:

f̄n+1 = fn + τKT (g −Kfn)− τATwn

wn+1 = Pλ(wn +
σ

τ
Af̄n+1)

fn+1 = fn + τKT (g −Kfn)− τATwn+1.

For our example, K = HT and A = grad, we have chosen τ = 1.99/‖KTK‖ and
σ = 0.99/‖AAT ‖. The regularization parameter λ is chosen a-priori according to
the noise level and fine-tuned by visual inspection. For each reconstruction 1000
iteration steps are performed. The reconstructions for different noise levels are
shown in Fig. 5.6, 5.7, 5.8 and 5.9. For noisy data with a noise level of 10%, Fig.
5.10 shows the trade-off between accuracy and regularization as the parameter
λ varies.

As can be clearly seen, both Tikhonov and TV regularization yield satis-
factory results only within the ROI. Outside of the ROI the solution is not
even remotely reconstructed. Within the ROI the quality of the reconstruction
diminishes closer to the edge of the ROI where the truncation occurs. The solu-
tions obtained from the Tikhonov regularization show some artifact around the
190-th sample, which corresponds to the truncation point a3. These artifacts
might come from the fact that the Tikhonov regularization is a method based
on the SVD of the underlying operator. As we have analyzed in Chapters 2 and
3, the singular functions un supported on [a2, a4] are regular functions except
for the presence of a logarithmic singularity at a3. It is this property of the
singular functions that then lead to a singular behavior of the reconstruction
at a3. We also note that since the penalty in the Tikhonov regularization is the
L2-norm of the function, the fine-scale noise is not suppressed in this method.
In contrast to this, the TV minimization penalizes the variation of the function,
thus favoring piecewise constant functions and removing the noise. It should
also be mentioned however, that the true solution we have chosen is itself piece-
wise constant, so that a TV penalty is the best choice here but not necessarily
for other examples.
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Figure 5.2: Exact signal (blue) vs. reconstruction (red) from exact data using
Tikhonov regularization with a regularization parameter α = 0.01.
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Figure 5.3: Top: Exact and noisy data with 1% noise. Bottom: Exact signal
(blue) vs. reconstruction (red) using Tikhonov regularization and a regulariza-
tion parameter based on the discrepancy principle.
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Figure 5.4: Top: Exact and noisy data with 5% noise. Bottom: Exact signal
(blue) vs. reconstruction (red) using Tikhonov regularization and a regulariza-
tion parameter based on the discrepancy principle.
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Figure 5.5: Top: Exact and noisy data with 10% noise. Bottom: Exact signal
(blue) vs. reconstruction (red) using Tikhonov regularization and a regulariza-
tion parameter based on the discrepancy principle.
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Figure 5.6: Top: Exact data. Bottom: Exact signal (blue) vs. reconstruction
(red) using TV minimization with a regularization parameter λ = 0.01.
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Figure 5.7: Top: Exact and noisy data with 1% noise. Bottom: Exact signal
(blue) vs. reconstruction (red) using TV minimization with a regularization
parameter λ = 0.05.
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Figure 5.8: Top: Exact and noisy data with 5% noise. Bottom: Exact signal
(blue) vs. reconstruction (red) using TV minimization with a regularization
parameter λ = 0.1.
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Figure 5.9: Top: Exact and noisy data with 10% noise. Bottom: Exact signal
(blue) vs. reconstruction (red) using TV minimization with a regularization
parameter λ = 0.2.
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Figure 5.10: Exact signal (blue) vs. reconstruction (red) using TV minimization
with 10% noise and a regularization parameter equal to 0.01, 0.05, 0.1 and 0.2.
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5.2 Region-of-interest reconstruction in two di-
mensions

In 2D, we test the limited data reconstruction on the elliptic phantom shown
in Fig. 5.11, with half axes of length 70.66 mm and 88.32 mm and centered at
(0mm, 40mm). When the support of the phantom is needed, we take a slightly
larger support that is assumed to contain the phantom and that is an ellipse
with slighlty longer half axes of 76 mm and 96 mm. The reconstruction is
performed from fan-beam data, where the X-ray source rotates on a circle of
radius 400 mm around an angle of 360 degrees on 720 equally spaced positions.
For the linear detector, 1024 equally spaced samples with a spacing of 0.35 mm
at iso-center1. The fan-beam data collected is thus a matrix of size 720× 1024,
see Fig. 5.13(a).

In a first step, the differentiation and back-projection steps of the DBP al-
gorithm are applied to obtain Hilbert transform data output as a matrix of size
1024 × 10242. This data is then truncated to a circular FOV of radius 70 mm
and centered at the origin (see Fig. 5.12). This corresponds to reconstruction
from the truncated sinogram shown in Fig. 5.13(b). The reconstruction from
the truncated Hilbert transform data is then performed on each vertical line.
For these 1D problems, we again test both Tikhonov regularization and TV
minimization, first on noise-free DBP data and then on noisy data. The noise is
taken to be Poisson distributed and corresponds to 10000 photons for the inci-
dent ray with the largest magnitude. Fig. 5.16 shows the full and the truncated
noisy sinogram. The regularization parameter is chosen a-priori as 0.001 in the
noise-free case with Tikhonov regularization. Under the presence of noise, the
regularization parameter is chosen on each line separately and according to the
discrepancy principle. For the TV minimization, the regularization parameter
is set to 0.005 in the noise-free case and to 0.1 in the case of noisy data. The
reconstructions from exact data are shown in Fig. 5.14 and 5.15, whereas the
results from noisy data are illustrated in Fig. 5.17 and 5.18. In both cases, the
Tikhonov reconstruction exhibits artifacts close to the boundary of the FOV.
These are less present in the reconstruction from TV minimization, which again
is intuitive as TV minimization is not an SVD based method. To illustrate
this property further, we take 20 instances of noisy data and perform both
Tikhonov and TV reconstruction on them. We then compare the 20 Tikhonov
reconstructions by taking their standard deviation, the same is done with the
TV reconstruction. Fig. 5.19 shows the standard deviation pixel by pixel in
both cases. With the Tikhonov regularization, the standard deviation is higher
close to the edge of the FOV compared to the one for TV reconstruction. We
also remark that in both cases, the plots of the standard deviation resembles
the image because of the Poisson distribution property that the variance equals

1Scaling at iso-center means that the scaling is w.r.t. an assumed virtual linear detector
that contains the center of the X-ray source orbit.

2The algorithm for these steps has been made available by the laboratory of the Department
of Nuclear Medicine, Vrije Universiteit Brussel.
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the mean of the distribution.

Figure 5.11: Original phantom.

Figure 5.12: Phantom with support D, a slightly larger assumed support and a
limited FOV.
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Figure 5.13: Full and truncated exact sinogram.
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Figure 5.14: Tikhonov reconstruction of the original phantom from exact data
within a limited FOV and with a regularization parameter set to 0.001. Top:
Without the FOV. Bottom: With a plot of the FOV.
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Figure 5.15: TV reconstruction from exact data within a limited FOV. Regu-
larization parameter λ is set to 0.005.
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Figure 5.16: Full and truncated noisy sinogram.
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Figure 5.17: Tikhonov reconstruction of the original phantom from noisy data
within a limited FOV and with a regularization parameter chosen according to
the discrepancy principle for each line of reconstruction.
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Figure 5.18: TV reconstruction from noisy data within a limited FOV with a
regularization parameter λ set to 0.1.
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Figure 5.19: Standard deviation of Tikhonov (top) and TV reconstruction (bot-
tom) tested on 20 instances of noisy data.



Appendix A

Appendices

A.1 Normalization of v on (a1, a3)

Lemma A.1. Let v be the solution to (L − λ)φ = 0 derived in Section 3.4.4.
Then,

‖v‖L2([a1,a3]) =

√
K−
2

(1 + O(ε1/2−δ)). (A.1)

Proof. We want to determine
∫ a3
a1
v2(x)dx. The main contribution to this inte-

gral comes from the WKB solution (3.37) on [a1 +O(ε1+2δ), a2−O(ε1+2δ)]. We
use the abbreviation εδ := ε1+2δ and derive

∫ a2−O(εδ)

a1+O(εδ)

v2(x)dx =

=

∫ a2−O(εδ)

a1+O(εδ)

1√
−P (x)

[
cos2

(1

ε

∫ x

a1

dt√
−P (t)

− π

4

)
+ O(ε1/2−δ)

]
dx

=

∫ a2−O(εδ)

a1+O(εδ)

1√
−P (x)

[1

2
cos
(2

ε

∫ x

a1

dt√
−P (t)

− π

4

)
+

1

2
+ O(ε1/2−δ)

]
dx.

The first summand in the integral simplifies to

1

2

∫ a2−O(εδ)

a1+O(εδ)

1√
−P (x)

cos
(2

ε

∫ x

a1

dt√
−P (t)

− π

4

)
dx =

=
ε

4
sin
(2

ε

∫ x

a1

dt√
−P (t)

− π

4

)∣∣∣a2−O(εδ)

a1+O(εδ)

= O(ε).
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With that we obtain∫ a2−O(εδ)

a1+O(εδ)

v2(x)dx = O(ε) +
1

2

(
1 + O(ε1/2−δ)

)∫ a2−O(εδ)

a1+O(εδ)

1√
−P (x)

dx

=
(1

2
+ O(ε1/2−δ)

)∫ a2−O(εδ)

a1+O(εδ)

dx√
−P (x)

.

With a Taylor expansion of 1/
√
−P (x), we find that∫ a1+O(εδ)

a1

dx√
−P (x)

=
1√

−P ′(a1)

∫ a1+O(εδ)

a1

1 + O(x− a1)√
x− a1

dx = O(ε1/2+δ).

Similarly, ∫ a2

a2−O(εδ)

dx√
−P (x)

= O(ε1/2+δ)

and thus ∫ a2−O(εδ)

a1+O(εδ)

v2(x)dx =
(1

2
+ O(ε1/2−δ)

)(
K− + O(ε1/2+δ)

)
(A.2)

=
K−
2

(
1 + O(ε1/2−δ)

)
.

Let t = λ(a1 − x)/P ′(a1). We consider v in a neighborhood of a+
1 , where it can

be represented by v(x) = b1 · ψ̂1(x− a1) for ψ̂1 as in (3.17) for t ∈ [0, 1) and as
in (3.19) for t ∈ [1,O(ε2δ−1))]. Using our previous estimate on the coefficient
b1 in (3.35) and a change of variables, we can write∫ a1+O(εδ)

a1

v2(x)dx =b21 ·
{∫ 1

0

[J0(2
√
t) + O(ε1−2δ/3)]2(−P ′(a1)ε2)dt

+

∫ O(ε2δ−1)

1

[J0(2
√
t) + t−1/4 ·O(ε1−2δ/3)]2(−P ′(a1)ε2)dt

}
=O(ε) ·

{∫ O(ε2δ−1)

0

J2
0 (2
√
t)dt+ O(ε1−2δ/3)+

+ O(ε1−2δ/3 · ε3(2δ−1)/4) + O(ε2−4δ/3 · εδ−1/2)
}

=O(ε) ·
{∫ O(ε2δ−1)

0

J2
0 (2
√
t)dt+ O(ε1/4+5δ/6)

}
, (A.3)

where we have used the boundedness of J0 to simplify the error terms. The
asymptotic behavior (3.21), (3.23) of J0 implies that for some constant c, |J0(z)| ≤
c√
z
, for positive z. With this we obtain

∫ O(ε2δ−1)

0

J2
0 (2
√
t)dt ≤ c2

2

∫ O(ε2δ−1)

0

1√
t
dt = O(εδ−1/2)
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and hence

∫ a1+O(εδ)

a1

v2(x)dx = O(ε1/2+δ). (A.4)

The part of the L2-norm of v in the region at a−2 can be found in a similar
fashion. By matching the WKB and Bessel solutions at a−2 one can find that
b2 = O(ε−δ) and c2 = O(ε−1/2) in

v(x) = b2ψ̂1(x− a2) + c2ψ̂2(x− a2)

for ψ̂1 and ψ̂2 as in (3.17), (3.19) and (3.18), (3.20), respectively. This can
also be seen from (3.49), (3.50), since the asymptotic behavior of v at a−2 can be
compared to the one of u at a+

3 . Replacing b1 by b2 in (A.3), we obtain similarly
to (A.4)

∫ O(εδ)

0

b22ψ̂
2
1(x)dx = O(ε3/2−δ).

This yields

∫ a2

a2−O(εδ)

v2(x)dx = O(ε3/2−δ)+

+ b2c2P
′(a2)ε2

{∫ 1

0

(J0(2
√
t) + O(ε3/2−δ/3))(Y0(2

√
t) + O(ε3/2−δ/3))dt

+

∫ O(ε2δ−1)

1

(J0(2
√
t) + t−1/4 ·O(ε1−2δ/3))(Y0(2

√
t) + t−1/4 ·O(ε1−2δ/3))dt

}
+ c22P

′(a2)ε2 ·
{∫ 1

0

(Y0(2
√
t) + O(ε3/2−δ/3))2dt

+

∫ O(ε2δ−1)

1

(Y0(2
√
t) + t−1/4 ·O(ε1−2δ/3))2dt

}
.

The asymptotics of b2 and c2 together with the boundedness of J0 allow to
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simplify the above expression to∫ a2

a2−O(εδ)

v2(x)dx = O(ε3/2−δ) + O(ε3/2−δ)
{∫ 1

0

∣∣∣Y0(2
√
t) + O(ε3/2−δ/3)

∣∣∣ dt
+

∫ O(ε2δ−1)

1

∣∣∣Y0(2
√
t) + t−1/4 ·O(ε1−2δ/3)

∣∣∣ dt}
+ O(ε) ·

{∫ O(ε2δ−1)

0

Y0(2
√
t)2dt+ O(ε3/2−δ/3)

∫ 1

0

∣∣∣Y0(2
√
t)
∣∣∣ dt

+ O(ε3−2δ/3) + O(ε1−2δ/3)

∫ O(2δ−1)

1

∣∣∣Y0(2
√
t)t−1/4

∣∣∣ dt+ O(ε1/4+5δ/6)
}

=O(ε3/2−δ) + O(ε3/2−δ)
{∫ O(ε2δ−1)

0

∣∣∣Y0(2
√
t)
∣∣∣ dt+ O(ε1/4+5δ/6)

}
+ O(ε) ·

{∫ O(ε2δ−1)

0

Y0(2
√
t)2dt+ O(ε3/2−δ/3)

∫ 1

0

∣∣∣Y0(2
√
t)
∣∣∣ dt

+ O(ε1−2δ/3)

∫ O(2δ−1)

1

∣∣∣Y0(2
√
t)t−1/4

∣∣∣ dt+ O(ε1/4+5δ/6)
}
.

In view of (3.22) and (3.24), there exists a constant c such that |Y0(z)| ≤ c√
z

for positive z. Thus, we obtain∫ O(ε2δ−1)

0

Y0(2
√
t)2dt = O(εδ−1/2),∫ O(ε2δ−1)

0

∣∣∣Y0(2
√
t)
∣∣∣ dt = O(ε3δ/2−3/4),∫ O(2δ−1)

1

∣∣∣Y0(2
√
t)t−1/4

∣∣∣ dt = O(ε1/2−δ/3),

and hence ∫ a2

a2−O(εδ)

v2(x)dx =O(ε1/2+δ). (A.5)

The last missing piece is the norm of v on (a2, a3), i.e. on the region where
it is monotonic. Here, we cannot follow the same procedure as before because
the results in Section 3.4.2 and the corresponding results in [KT12], were only
obtained on the regions where the solution oscillates.

Instead, we will estimate ‖v‖L2([a2,a3]) similarly to the derivation in Ap-
pendix C, [KT12]. Let {λ̄k; v̄k}k∈N be the eigensystem of the following Sturm–
Liouville problem:

Lv̄k(x) = λ̄kv̄k(x), x ∈ (a2, a3),

where the functions v̄k(x) are bounded at the endpoints a2 and a3. Furthermore,
let vn denote the n-th eigenfunction of L̃S obtained from the procedure in
Section 3.4.4 and not normalized yet.



A.1. NORMALIZATION OF v ON (a1, a3) 143

Then, χ[a2,a3]vn ∈ L2([a2, a3]) can be expanded in the orthonormal basis
{v̄k}k∈N of L2([a2, a3]):

χ[a2,a3](x)vn(x) =
∑
k∈N
〈vn, v̄k〉v̄k(x).

Let cn,k := 〈vn, v̄k〉. Then,

cn,k =
1

λn

∫ a3

a2

(Lvn)(x)v̄k(x)dx

=
1

λn

∫ a3

a2

(Pv′n)′(x)v̄k(x)dx+
1

λn

∫ a3

a2

2(x− σ)2vn(x)v̄k(x)dx

=− 1

λn

∫ a3

a2

(P (x)v′n(x))v̄′k(x)dx+
1

λn
lim
ε→0+

Pv′nv̄k

∣∣∣a3
a2+ε

+
1

λn

∫ a3

a2

vn(x)2(x− σ)2v̄k(x)dx

=
1

λn
lim
ε→0+

P (v′nv̄k − vnv̄′k)
∣∣∣a3
a2+ε

+
1

λn

∫ a3

a2

(P (x)v̄′k(x))′vn(x)dx

+
1

λn

∫ a3

a2

vn(x)2(x− σ)2v̄k(x)dx.

This implies

cn,k =
1

λn
lim
ε→0+

P (x)[v′n(x)v̄k(x)− vn(x)v̄′k(x)]
∣∣∣a3
a2+ε

+
λ̄k
λn
cn,k.

The functions v̄k(x) are bounded at the endpoints a2 and a3, whereas vn(x)
is bounded at a3 but has a logarithmic singularity at a2. Hence, the above
simplifies to

cn,k = − 1

λn
lim
ε→0+

P (a2 + ε)v′n(a2 + ε)v̄k(a2 + ε) +
λ̄k
λn
cn,k,

cn,k
(
1− λ̄k

λn

)
= − 1

λn
(a2 − a1)(a2 − a3)(a2 − a4)φ2,n(a2)v̄k(a2),

cn,k = Cφ2,n(a2)v̄k(a2)
1

λn − λ̄k
.

Here C is constant and, close to a2, vn is of the form

vn(x) = φ1,n(x) + φ2,n(x) ln |x− a2|

for analytic functions φi,n. Furthermore, vn(x) satisfies the transmission condi-
tions (2.17), (2.15) at a2 and thus

φ2,n(a2) =
2

π
c2 = O(

√
n),
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where we have used c2 = O(ε−1/2) as in (3.50).

One can also find that λ̄k = O(k2) and v̄k(a2) = O(
√
k), similarly to (5.14)

and (6.2) in [KT12]. Note that λn → +∞, while λ̄k → −∞. The norm of
χ[a2,a3]vn can then be found to be

‖vn‖2L2([a2,a3]) =
∑
k

c2n,k = C2φ2
2,n(a2)

∑
k

v̄2
k(a2)

(λn − λ̄k)2

= O(n) ·O(n−2) = O(n−1),

‖vn‖L2([a2,a3]) = O(n−1/2). (A.6)

Putting together (A.2), (A.4), (A.5) and (A.6), we finally obtain

‖v‖L2([a1,a3]) =

√
K−
2

(1 + O(ε1/2−δ)).

A.2 Proof of Equation 4.7

Here we will prove the statement

∀ x ∈ (a3, a4) :

∣∣∣∣∫ x

a3

un(z)dz

∣∣∣∣ ≤ c

n
,

where un is the n-th eigenfunction of LI to the eigenvalue λn.

Proof. For this, we make use of the asymptotic form of un in [KT12]. On (a3, a4)
and away from the points a3 and a4, the function un can be approximated by
the WKB solution. More precisely, defining ε = εn := 1/

√
λn, it is true that for

any sufficiently small δ > 0, the representation of un in the form

un(z) =

√
2

K−

1

(−P (z))1/4

[
cos
(1

ε

∫ z

a3

dt√
−P (t)

− π

4

)
· (1 + O(ε1/2−δ))+

+ sin
(1

ε

∫ z

a3

dt√
−P (t)

− π

4

)
·O(ε1/2−δ)

]
is valid for z ∈ [a3+O(ε1+2δ), a4−O(ε1+2δ)]. Having this, we start by estimating∣∣∣∣∣

∫ x

a3+O(ε1+2δ)

un(z)dz

∣∣∣∣∣
for x ∈ [a3 + O(ε1+2δ), a4 −O(ε1+2δ)]. We do this by first introducing ũn(z) =
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(−P (z))−1/4un(z), for which∫ x

a3+O(ε1+2δ)

ũn(z)dz =

√
2

K−
ε
[

sin
(1

ε

∫ x

a3

dt√
−P (t)

− π

4

)
− sin

(1

ε

∫ a3+O(ε1+2δ)

a3

dt√
−P (t)

− π

4

)]
(1 + O(ε1/2−δ))

−
√

2

K−
ε
[

cos
(1

ε

∫ x

a3

dt√
−P (t)

− π

4

)
− cos

(1

ε

∫ a3+O(ε1+2δ)

a3

dt√
−P (t)

− π

4

)]
O(ε1/2−δ)

and hence ∣∣∣∣∣
∫ x

a3+O(ε1+2δ)

ũn(z)dz

∣∣∣∣∣ ≤
√

2

K−
ε(1 + O(ε1/2−δ)).

It is known from the asymptotics derived in [KT12] that

εn =
K−
nπ

+ O(n−1/2+δ).

Thus, there exists a constant c̃1 depending only on a1, a2, a3, a4 such that∣∣∣∣∣
∫ x

a3+O(ε1+2δ)

ũn(z)dz

∣∣∣∣∣ ≤ c̃1
n
.

We can use this together with integration by parts to find an upper bound on
the above expression with ũn replaced by un:∫ x

a3+O(ε1+2δ)

un(z)dz =

∫ x

a3+O(ε1+2δ)

(−P (z))1/4ũn(z)dz

= −
∫ x

a3+O(ε1+2δ)

d

dz
(−P (z))1/4

∫ z

a3+O(ε1+2δ)

ũn(t)dtdz+

+
(

(−P (z))1/4

∫ z

a3+O(ε1+2δ)

ũn(t)dt
)∣∣∣∣∣
x

a3+O(ε1+2δ)

.

This gives∣∣∣∣∣
∫ x

a3+O(ε1+2δ)

un(z)dz

∣∣∣∣∣
≤ sup
a3+O(ε1+2δ)≤z≤x

∣∣∣∣∣
∫ z

a3+O(ε1+2δ)

ũn(t)dt

∣∣∣∣∣ ·
∫ x

a3+O(ε1+2δ)

∣∣∣∣ ddz (−P (z))1/4

∣∣∣∣ dz
+ |P (x)|1/4 ·

∣∣∣∣∣
∫ x

a3+O(ε1+2δ)

ũn(t)dt

∣∣∣∣∣ ≤ c1
n
,
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for some constant c1 that only depends on the points ai. Here we have used
that d

dz (−P (z))1/4 changes sign exactly once within (a3, a4) and with that∫ x

a3+O(ε1+2δ)

∣∣∣∣ ddz (−P (z))1/4

∣∣∣∣ dz ≤ sup
a3≤x≤a4

4(−P (x))1/4.

What remains to be shown is the estimate for the contributions close to the
points a3 and a4. Since the asymptotic behavior of un at a4 is identical to its
behavior at a3, it suffices to find an upper bound on∣∣∣∣∫ x

a3

un(z)dz

∣∣∣∣ , x ∈ (a3, a3 + O(ε1+2δ)].

On this interval, [a3, a3 +O(ε1+2δ)], the eigenfunctions un can be approximated
by the Bessel function J0. For this, we define the variable t = (a3−z)/(ε2P ′(a3)).
Then, the asymptotic behavior of un has been found to be

un(z) =

{
b3[J0(2

√
t) + O(ε1−2δ/3)], for t ∈ [0, 1)

b3[J0(2
√
t) + t−1/4O(ε1−2δ/3)], for t ∈ [1,O(ε2δ−1)]

with a constant b3 = O(ε−1/2). A change of variables dx = −ε2P ′(a3)dt and
t(x) = a3−x

ε2P ′(a3) = O(ε2δ−1) then yield∫ x

a3

un(z)dz =b3 ·
{∫ 1

0

[
J0(2
√
t) + O(ε1−2δ/3)

]
ε2(−P ′(a3))dt

+

∫ O(ε2δ−1)

1

[
J0(2
√
t) + t−1/4O(ε1−2δ/3)

]
ε2(−P ′(a3))dt

}
=O(ε3/2) ·

{∫ 1

0

[
J0(2
√
t) + O(ε1−2δ/3)

]
dt

+

∫ O(ε2δ−1)

1

[
J0(2
√
t) + t−1/4O(ε1−2δ/3)

]
dt
}
.

The first integral in the above sum is bounded, thus∫ x

a3

un(z)dz = O(ε3/2) + O(ε3/2) ·
∫ O(ε2δ−1)

1

[
J0(2
√
t) + t−1/4O(ε1−2δ/3)

]
dt.

To find an upper bound on the remaining integral, we first estimate it by∣∣∣∣∣
∫ O(ε2δ−1)

1

[
J0(2
√
t) + t−1/4O(ε1−2δ/3)

]
dt

∣∣∣∣∣
=

∣∣∣∣∣
∫ O(ε2δ−1)

1

J0(2
√
t)dt+ t3/4O(ε1−2δ/3)

∣∣∣O(ε2δ−1)

1

∣∣∣∣∣
≤
∣∣∣∣∣
∫ O(ε2δ−1)

1

J0(2
√
t)dt

∣∣∣∣∣+ O(ε1/4+5δ/6). (A.7)
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Next, we make use of the asymptotic form of J0 for t→∞:

J0(2
√
t) =

1√
πt1/4

[
cos(2

√
t− π

4
) + O(t−1/2)

]
. (A.8)

For sufficiently large T , we can write∣∣∣∣∣
∫ O(ε2δ−1)

1

J0(2
√
t)dt

∣∣∣∣∣
≤
∣∣∣∣∣
∫ T

1

J0(2
√
t)dt

∣∣∣∣∣+

∣∣∣∣∣
∫ O(ε2δ−1)

T

[ 1√
πt1/4

cos(2
√
t− π

4
) + O(t−3/4)

]
dt

∣∣∣∣∣
≤ ˜̃c2 +

∣∣∣∣ 1√
2π
t1/4

[
− cos(2

√
t) + sin(2

√
t)
]∣∣∣O(ε2δ−1)

T

∣∣∣∣+ O(ε−1/4+δ/2)

≤ c̃2 + O(ε−1/4+δ/2), (A.9)

where the second inequality is obtained by explicit evaluation in Mathematica.
This yields∣∣∣∣∫ x

a3

un(z)dz

∣∣∣∣ ≤ O(ε3/2) + O(ε3/2 · ε−1/4+δ/2) = O(ε5/4+δ/2)

and consequently, there exists a constant c2 such that∣∣∣∣∫ x

a3

un(z)dz

∣∣∣∣ ≤ c2
n
, x ∈

(
a3, a3 + O(ε1+2δ)

)
. (A.10)

Altogether, this implies the existence of a constant c for which∣∣∣∣∫ x

a3

un(z)dz

∣∣∣∣ ≤ c

n
, x ∈ (a3, a4).

A.3 Proof of Relation (4.8)

Let un be the n-th eigenfunction of the operator LS , for n > N and sufficiently
large N ∈ N. Here we obtain an upper bound of the type Bµe

−βµn on

‖χµun‖ =

(∫ a3−µ

a2

|un(x)|2dx
)1/2

.

This result is part of joint work with M. Defrise and A. Katsevich [AADK14].

Proof. We split the integral as

‖χµun‖2 = Ia + Ib =

∫ a3−µ

a2+ζ

|un(x)|2dx+

∫ a2+ζ

a2

|un(x)|2dx (A.11)

with ζ = O(ε1+2δ) and µ > 0 such that the integration interval for Ia is contained
in the domain of validity of the WKB approximation for n > N .
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A.3.1 Evaluation of Ia

The WKB approximation (3.37) in the interval [a1 + O(ε1+2δ), a2 − O(ε1+2δ)]
where ε is related to n by (3.45) can be rewritten as

vn(x) =
1

2(−P (x))1/4

{
[eiw1(x)/ε−iπ/4 + e−iw1(x)/ε+iπ/4](1 +O(ε1/2−δ))

− i[eiw1(x)/ε−iπ/4 − e−iw1(x)/ε+iπ/4]O(ε1/2−δ)
}
, (A.12)

with

w1(x) =

∫ x

a1

dt√
−P (t)

.

Analogously to (3.38),

w1(x) = K− + iw(x),

with

w2(x) =

∫ x

a2

dt√
P (t)

.

Using Theorem 3.4 in a similar fashion as for the analytic continuation to a+
3

in (3.39), the analytic extrapolation to (a2 + ζ, a3 − µ) ⊂ (a2 + O(ε1+2δ), a3 −
O(ε1+2δ)) is given by

v(x+ i0) =
eiπ/4

2(P (x))1/4

{
[eiK−/ε−iπ/4e−w2(x)/ε + e−iK−/ε+iπ/4ew2(x)/ε]

· (1 + O(ε1/2−δ))

− i[eiK−/ε−iπ/4e−w2(x)/ε − e−iK−/ε+iπ/4ew2(x)/ε]O(ε1/2−δ)
}
, (A.13)

where we dropped the subscript n to indicate that v is complex (and the singular
function vn is the real part of v(x+ i0)). Equation (A.13) simplifies to:

v(x+ i0) =
1

2(P (x))1/4

{
[eiK−/εe−w2(x)/ε + ie−iK−/εew2(x)/ε]

· (1 +O(ε1/2−δ))− [ieiK−/εe−w2(x)/ε − e−iK−/εew2(x)/ε]O(ε1/2−δ)
}
.

(A.14)

Noting that the modulus of all complex exponentials is equal to 1 and that
ew2(x)/ε > e−w2(x)/ε, one can regroup all terms in O(ε1/2−δ) in (A.14) to:

1

2(P (x))1/4
ew2(x)/εO(ε1/2−δ). (A.15)

Therefore, (A.14) becomes

v(x+ i0) =
1

2(P (x))1/4

{
[eiK−/εe−w2(x)/ε + ie−iK−/εew2(x)/ε]

}
+

1

2(P (x))1/4
ew2(x)/εO(ε1/2−δ). (A.16)
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Using HTun = σnvn together with (3.12) yields that the singular function un
is related to v by un = σnIm (v(x + i0)). Introducing the normalization factor√

2/K− for v (see A.1), one obtains by taking the imaginary part of (A.16),

un(x) =
σn√
2K−

(−1)n+1

(P (x))1/4
ew2(x)/ε(1 +O(ε1/2−δ)), (A.17)

where we have used sin(K−/ε) = O(ε1/2−δ) and cos(K−/ε) = (−1)n+1 +
O(ε1/2−δ), cf. (3.45). Finally, using the explicit expression (3.51) for the asymp-
totic behavior of the singular values yields

un(x) =

√
2

K−

(−1)n+1

(P (x))1/4
e−w3(x)/ε(1 +O(ε1/2−δ)), (A.18)

with

w3(x) = K+ − w2(x) =

∫ a3

x

dt√
P (t)

.

This result holds for x ∈ [a2 +O(ε1+2δ), a3 −O(ε1+2δ)].
Coming back to (A.11), we then find

Ia =

∫ a3−µ

a2+ζ

|un(x)|2dx

=
ε

K−
(e−2w3(a3−µ)/ε − e−2w3(a2+ζ)/ε)(1 +O(ε1/2−δ)). (A.19)

A.3.2 Evaluation of Ib

To handle the second term in (A.11), we first show that un is monotonic close
to a2. The singular function un is a solution of

P (x)(un)′′(x) + P ′(x)(un)′(x) =
(
λn − 2(x− σ)2

)
un(x) (A.20)

for some large λn = ε−2 > 0. For a2 ≤ x ≤ a3, P (x) is non-negative. The
derivative P ′(a2) is also positive and consequently there is some x1 ∈ (a2, a3)
independent of λn, such that P ′(x) > 0 for a2 ≤ x < x1. We know that un is
bounded at x = a2. Let us assume w.l.o.g. that un(a2) > 0. Then, if

λn > max
a2≤x≤x1

2(x− σ)2 (A.21)

the right-hand side of (A.20) is positive at a2 and since P (a2) = 0, (un)′′(a2) is
finite and P ′(a2) > 0, one concludes that (un)′(a2) > 0. We will now show that
(un)′(x) > 0 for a2 ≤ x ≤ x1. We prove this by contradiction.

Suppose that (un)′(x) first changes sign at some a2 < x̃ < x1, i.e. (un)′(x̃) =
0. Since un(a2) > 0 and (un)′(x) ≥ 0 on (a2, x̃), one has un(x̃) > 0. But
Equation A.20 at x = x̃ then implies, with (un)′(x̃) = 0, that (un)′′(x̃) > 0.
Hence x̃ is a minimum of the function un, which is in contradiction to (un)′(x) ≥
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0 on (a2, x̃). This concludes the proof that for large λn (satisfying condition
(A.21)), un is monotonic on a2 ≤ x < x1.

Recall that Ib is the squared norm of un over the segment (a2, a2 + ζ) with
ζ = O(ε1+2δ) such that the WKB approximation (A.18) is valid at a2 + ζ. For
sufficiently small ε = 1/

√
λn, one has a2 + ζ < x1 and the condition (A.21)

holds. Hence un is monotonic and positive (by the assumption un(a2) > 0).
Thus, we obtain

Ib =

∫ a2+ζ

a2

|un(x)|2dx ≤ ζ

x1 − a2 − ζ

∫ x1

a2+ζ

|un(x)|2dx. (A.22)

If in addition x1 ≤ a3 − µ, this results in

Ib ≤
ζ

x1 − a2 − ζ
Ia = O(ε1+2δ) Ia, (A.23)

so that the contribution of Ib can be absorbed in the error term of (A.19).

Thus, we finally obtain

‖χµun‖ = (Ia + Ib)
1/2 =

(
ε

K−
e−2w(a3−µ)/ε(1 +O(ε1/2−δ))

)1/2

=
1√
nπ

e−βµn (1 +O(n−1/2+δ)) (A.24)

≤ Bµe−βµn (A.25)

with

Bµ =
2√
Nπ

,

βµ =
π

K−

∫ a3

a3−µ

dt√
P (t)

.

Note that the dependence of Bµ on µ comes from the fact that N increases as
µ decreases, thus the choice of N depends on µ.

A.4 Proof of Relation (4.9)

Here, we show the extension of the result in A.2 to the case with overlap. For
un being the n-th eigenfunction of LS , n ∈ N sufficiently large, the inequality
for σn → 0 (or equivalently λn → +∞) states that for all x ∈ [a3 − µ, a4]:∣∣∣∣∫ x

a3−µ
un(z)dz

∣∣∣∣ ≤ c

n
.
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Proof. As before, we define εn = 1/
√
λn and omit the index. For sufficiently

large n, the WKB approximation is valid on [a3−µ, a3−O(ε1+2δ)] and is given
by

un(z) =
K

(P (z))1/4
e
− 1
ε

∫ a3
z

dt√
P (t) ·

(
1 + O(ε1/2−δ)

)
.

With this pointwise decay of un that is exponential in n, one easily sees that
for x ∈ [a3 − µ, a3 − O(ε1+2δ)] the integral |

∫ x
a3−µ un(z)dz| decays faster than

O(1/n).
Next, we consider x ∈ [a3 − O(ε1+2δ), a4]. We distinguish different cases in

which we can split the integrals as follows:∣∣∣∣∫ x

a3−µ
un(z)dz

∣∣∣∣ ≤
∣∣∣∣∣
∫ a3−O(ε1+2δ)

a3−µ
un(z)dz

∣∣∣∣∣+

∣∣∣∣∣
∫ x

a3−O(ε1+2δ)

un(z)dz

∣∣∣∣∣ ,
x ∈ [a3 −O(ε1+2δ), a3],∣∣∣∣∫ x

a3−µ
un(z)dz

∣∣∣∣ ≤ ∣∣∣∣∫ a3

a3−µ
un(z)dz

∣∣∣∣+

∣∣∣∣∫ x

a3

un(z)dz

∣∣∣∣ , x ∈ [a3, a3 + O(ε1+2δ)],∣∣∣∣∫ x

a3−µ
un(z)dz

∣∣∣∣ ≤
∣∣∣∣∣
∫ a3−O(ε1+2δ)

a3−µ
un(z)dz

∣∣∣∣∣+ 2

∣∣∣∣∣
∫ a3+O(ε1+2δ)

a3

un(z)dz

∣∣∣∣∣+
+

∣∣∣∣∣
∫ x

a3+O(ε1+2δ)

un(z)dz

∣∣∣∣∣ , x ∈ [a3 + O(ε1+2δ), a4].

The last inequality follows from the transmission conditions (2.17), (2.15), that
un satisfies at a3.

If we consider the last inequality in the above, we see that the first term on
the right-hand side decays at least of the order O(1/n) by the first part of the
proof. The same holds for the third term by applying the proof of Equation 4.7
from before. Thus, what remains to be shown in all three cases is that∣∣∣∣∫ x

a3

un(z)dz

∣∣∣∣ ≤ c̃

n
, x ∈ (a3, a3 + O(ε1+2δ)]

for some c̃ > 0. For this, we can proceed in a similar fashion as in the proof of
Equation 4.7, where in (A.10) the same was proved but for un being approxi-
mated by the Bessel function J0 on this region. Here, in the case of overlapping
intervals I and J , un close to a3 is no longer a bounded function but can be
approximated by a linear combination of the Bessel functions J0 and Y0. More
precisely, substituting t = (a3 − z)/(ε2P ′(a3)) yields,

un(z) =


b3[J0(2

√
t) + O(ε1−2δ/3)] + c3[Y0(2

√
t) + O(ε3/2−δ/3)], t ∈ [0, 1)

b3[J0(2
√
t) + t−1/4O(ε1−2δ/3)]+

+c3[Y0(2
√
t) + t−1/4O(ε1−2δ/3)], t ∈ [1,O(ε2δ−1)]

with constants b3 = O(ε−δ) and c3 = O(ε−1/2). As before, with a change of
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variables dx = −ε2P ′(a3)dt, we obtain∫ x

a3

un(z)dz =b3ε
2(−P ′(a3)) ·

{∫ 1

0

[
J0(2
√
t) + O(ε1−2δ/3)

]
dt

+

∫ O(ε2δ−1)

1

[
J0(2
√
t) + t−1/4O(ε1−2δ/3)

]
dt
}

+ c3ε
2(−P ′(a3)) ·

{∫ 1

0

[
Y0(2
√
t) + O(ε3/2−δ/3)

]
dt

+

∫ O(ε2δ−1)

1

[
Y0(2
√
t) + t−1/4O(ε1−2δ/3)

]
dt
}
.

Using the results from the proof of Equation 4.7 for the terms involving J0, this
simplifies to∣∣∣∣∣
∫ a3+O(ε1+2δ)

a3

un(z)dz

∣∣∣∣∣ ≤O(ε2−δ) + O(ε3/2) ·
{ ∣∣∣∣∫ 1

0

[
Y0(2
√
t) + O(ε3/2−δ/3)

]
dt

∣∣∣∣
+

∣∣∣∣∣
∫ O(ε2δ−1)

1

[
Y0(2
√
t) + t−1/4O(ε1−2δ/3)

]
dt

∣∣∣∣∣ }.
The first integral on the right-hand side of the above is bounded, since for small
arguments z, Y0(z) ∼ 2

π ln(z). For the second integral, the same argument as
for J0 in (A.7)–(A.9) holds, but by replacing the asymptotic form (A.8) by

Y0(2
√
t) =

1√
πt1/4

[
sin(2

√
t− π

4
) + O(t−1/2)

]
.

This then allows to state that∣∣∣∣∫ x

a3

un(z)dz

∣∣∣∣ ≤ c̃

n
, x ∈ [a3, a3 + O(ε1+2δ)]

and consequently, that for all x ∈ [a3 − µ, a4],∣∣∣∣∫ x

a3−µ
un(z)dz

∣∣∣∣ ≤ c

n
.
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Fourier coefficients, 113
Fourier transform, 45, 48, 57
Frobenius method, 37
Fuchs theorem, 36, 57, 93

Green’s formula, 31
Green’s function, 60, 63

Hölder continuity, 27
Hadamard’s well-posedness criteria, 19,

54, 70
Hellinger–Toeplitz theorem, 16
Helly’s selection theorem, 110
Hilbert transform, 48, 92

adjoint of, 48
finite, 54
inverse of, 48
truncated, 48, 52, 65, 70, 95
truncated, with a gap, 52, 54, 103
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truncated, with overlap, 52, 54,
103, 107

Hilbert–Schmidt theorem, 13

Ill-posedness, 19, 70
mild, 45
severe, 45, 78, 95, 102

Incomplete data, 45
Interior problem, 52, 54
Interior singular point, 33
inverse problem, 19
Irregular singular point, 36

Kernel, 10
of HT , 70

Lagrange sesquilinear form, 31
Landau–Pollak–Slepian operator, 57
Least-squares solution, 20
Limit-circle (LC), 31, 34, 60

nonoscillatory (LCNO), 58
Limit-point (LP), 31
Limited angle projections, 45
Limited data, 45, 130
Lipschitz continuous, 68
Logarithmic continuity, 27

Maximal domain functions, 31, 34, 59,
67

Maximal operator, 29, 34
Minimal operator, 28, 30, 33, 34
Moore–Penrose generalized inverse, 20
Morozov’s discrepancy principle, 24

Noise level, 21
Normal equation, 20

Ordinary point, 36

Parallel scanning, 41
Parameter choice rule, 22

a-posteriori, 22, 25
a-priori, 22, 24, 120

Patching of solutions, 41
Plemelj–Sokhotski formulae, 49, 83
Prior knowledge on the solution, 26,

102

Projection-valued measure, 15, 18
Prolate spheroidal wave functions, 57

Radon transform, 43
interior, 57

Ramp filter kernel, 45
Range, 11

of HT , 70
Region of interest (ROI), 45, 74, 119
Regular singular point, 36, 57, 58
Regularization, 22
Resolvent set, 60

of bounded operator, 11
of unbounded operator, 18

Riemann–Hilbert problem, 82
Riesz–Markov theorem, 14
Riesz–Schauder theorem, 12

Self-adjoint extension, 32, 59
Self-adjoint operator

bounded, 11
unbounded, 17

Singular function, 13
Singular value, 13
Singular value decomposition, 54

of HT , 68, 78, 111
truncated, 24, 54

Source condition, 24, 25
Spectral projection, 15, 23
Spectral radius, 12, 72
Spectral theorem

for self-adjoint bounded operators,
multiplication form, 14

for self-adjoint bounded operators,
p.v.m. form, 15

for self-adjoint unbounded opera-
tors, multiplication form, 18

for self-adjoint unbounded opera-
tors, p.v.m. form, 19

Spectrum, 54, 95
continuous, 12, 18
discrete, 16
essential, 16
of bounded operator, 11
of regular self-adjoint SLP, 29
of singular self-adjoint SLP, 32
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point, 12, 18
purely discrete, 60, 63, 67, 78, 91
residual, 12, 18
simple, 64, 68

Stability estimate, 26, 106, 108
Sturm–Liouville problem

on two intervals, 33
regular, 28
regular self-adjoint, 29
singular self-adjoint, 32
singular self-adjoint, on two inter-

vals, 34
Sturm–Liouville theory

singular, 54
Symmetric operator, 17

Tikhonov regularization, 25, 118, 130
Total variation, 103

regularization, 27, 118, 130
Transmission conditions, 58, 61, 63, 64,

67, 82, 83, 143, 151
Truncated projections, 45

Well-posed problem, 19
WKB approximation, 85, 89, 93, 141,

144, 148, 150
of geometric optics, 40
of physical optics, 40

WKB theory, 37
Wronskian, 62

X-radiography, 41
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