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Voorwoord

Dit is mijn tweede paper als eindproject van de bachelor in de wiskunde aan de Vrije
Universiteit Brussel. In dit werk bestuderen wij eindige groepen G die minimaal niet
nilpotent zijn in de volgende betekenis, elke echt deelgroep van G is nilpotent maar G zelf
is dit niet. W. R. Scott bewees in [?] dat zulke groepen oplosbaar zijn en een product
zijn van twee deelgroepen P en Q, waarbij P een cyclische Sylow p-deelgroep is en Q een
normale Sylow q-deelgroep is; met p en q verschillende priemgetallen. Het hoofddoel van
dit werk is om een volledig en gedetailleerd bewijs te geven. Als toepassing bestuderen
wij eindige groepen die minimaal niet Abels zijn.

Dit project is verwezenlijkt tijdens mijn Erasmusstudies aan de Universiteit van Granada
en werd via teleclassing verdedigd aan de Universiteit van Murcia, waar mijn mijn pro-
motor op sabbatical verbleef. Om lokale wiskundigen de kans te geven mijn verdediging
bij te wonen is dit project in het Engles geschreven.
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1 Introduction

This is my second paper to obtain the Bachelor of Mathematics at the University of Brussels.
The subject are finite groups G that are minimal not nilpotent in the following meaning.
Each proper subgroup of G is nilpotent but G itself is not. W.R. Scott proved in [?] that
those groups are solvable and a product of two subgroups P and Q, with P a cyclic Sylow
p-subgroup and G a normal Sylow q-subgroup, where p and q are distinct primes. The main
objective is to give a complete and detailed prove. As application we study finite groups that
are minimal not Abelian.

The structure of this project is as follows. In section 2 we recall the necessary background on
Sylow Theorems, nilpotent and solvable groups. Proofs will only be given for those results
that are not covered in the courses [1], [2], [3] and [4]. We finish this section with proving
Burnside’s and Hall’s Theorems. The former says that every group of order paqb is solvable
and the later states that if for each prime divisor of the order of a group G there exists a
subgroup H of G such that the index of this subgroup in G equals the maximal power of the
prime then G is solvable.

If H is a proper subset of a group G then this is denoted by H ⊂ G, otherwise we denoted it
by H ⊆ G.

2 Preliminary concepts

2.1 Sylow Theorems

The Sylow Theorems are a really important tool in the study of finite groups that give detailed
information about the number of subgroups of fixed order that a given finite group contains.
Throughout this section is G a finite group. A group G is said to be a p-group if the order
of each element in G is a power of p with p prime. The order of a p-group G is a power of p
and the subgroups are also p-groups. If H is a normal subgroup of a p-group G, then H and
G/H are p-groups. The converse is true as well, i.e. if H and G/H are p-groups then G is a
p-group. The proofs of the properties of p-groups can be found in chapter 6 of [?].

For every group G the center of G is defined as the set

Z(G) = {z ∈ G | zg = gz, for all g ∈ G}.

It is well known that if G is a nontrivial finite p-group, then the center Z(G) is nontrivial. If
S is a subset of G the centralizer and the normalizer of S, are the subgroups

CG(S) = {g ∈ G | sg = gs for all s ∈ S} en NG(S) = {g ∈ G | gS = Sg}.

They are denoted in short as C(S) and N(S). An other special type of subgroups of a
group G are maximal subgroups. They are so called because they are a maximal element of
the partially ordered set of proper subgroups of G. This means that they are proper sub-
groups, such that no proper subgroup K contains H strictly. A maximal element in the set
of all p-subgroups of a group G is called a Sylow p-subgroup. The set consisting of the Sy-
low p-subgroups is denoted by Sylp(G). The number of elements in Sylp(G) is denoted np(G).
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Ludwig Sylow summarized all of this and more in his theorems.

Theorem 2.1 (Sylow). If G is a group of order prm, p prime and (p,m) = 1, P ∈ Sylp(G)
then

(a) np ≡ 1 (mod p), np | m, np(G) = [G : NG(P )],

(b) all Sylow p-subgroups are conjugate, and

(c) if H ⊂ G, then H is a Sylow-subgroup if and only if |H| = pr.

Theorem 2.2. Let G be a finite group and P ∈ Syp(G). The following statements are
equivalent:

1. P is a normal subgroup;

2. P is the only Sylow p-subgroup;

3. each p-subgroup is contained in P ;

4. P is characteristic in G, i.e. P is invariant under group automorphisms of G.

Theorem 2.3. If |G| = prm, p prime, (p,m) = 1, H ⊂ G, and |H| = ps, then H is contained
in some (Sylow) subgroup.

Theorem 2.4. If H ⊂ G with G finite and p prime, then np(H) ≤ np(G).

Proof. If H is a proper p-subgroup of G then there exists a maximal p-subgroup of G con-
taining H. This implies that if P ∈ Sylp(H) then there exists a P ∗ ∈ Sylp(G) such that
P ⊆ P ∗. Now we have that every Sylow p-subgroup of H is contained in a Sylow p-subgroup
of G. It remains to prove that if P and Q are two distinct Sylow p-subgroups of H and
P ⊆ P ∗, Q ⊆ Q∗ with P ∗, Q∗ Sylow p-subgroups of G then P ∗ 6= Q∗. If P ∗ = Q∗, then
P ∗ ⊇ 〈P,Q〉 and thus is < P,Q > a p-subgroup of H such that 〈P,Q〉 ⊃ P , which contradicts
P being maximal p-subgroup.

2.2 Solvable groups

A solvable group (or soluble group) is a group that can be constructed from Abelian groups
using extensions. A precise definition is as follows:

Definition 2.5. A group G is solvable if there exist normal subgroups G0, G1, G2, ..., Gn of
G such that

1. {1} = G0 ⊆ G1 ⊆ ... ⊆ Gn = G,

2. Gi+1/Gi is Abelian for 0 ≤ i < n.

Some examples are Abelian groups, S3, D8 and all finite groups of prime order.

The derived group G′ is the subgroup of G generated by the commutators [g, h] = g−1h−1gh,
g, h ∈ G. This is the smallest normal subgroup of G such that G/G′ is Abelian. It is also
denoted by [G,G]. The nth derived subgroup (for n > 1) G(n) = (G(n−1))′ of G is defined by
[G(n−1), G(n−1)].
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Definition 2.6. The series G = G(0) ⊇ G(1) ⊇ G(2) ⊇ ... is called the derived series of G.

Theorem 2.7. A group G is solvable if and only if G(n) = {1}, for some n.

The smallest n wherefore G(n) = {1} is called the derived length, denoted by dl(G).

Definition 2.8. Let G0, G1, ..., Gn be subgroups of a group G such that {1} = G0 ⊆ G1 ⊆
G2 ⊆ ... ⊆ Gn−1 ⊆ Gn = G. This series is said to be a composition series of G if Gi CGi+1
and Gi+1/Gi is simple for all 0 ≤ i ≤ n− 1.

It is well known that a finite group has a composition series and, up to a permutation and
isomorphism, the composition factors Gi+1/Gi are unique.

Theorem 2.9. A group G is solvable if and only if each compositionfactor of G is a group
of prime order.

Theorem 2.10. If N is a normal subgroup of G then, G is solvable if and only if N and
G/N are solvable.

Definition 2.11. A solvable group is called supersolvable if G has a composition series con-
sisting of normal subgroups in G.

Definition 2.12. A group G is called metacyclic if there exists a normal subgroup N of G
such that both N and G/N are cyclic.

Examples of supersolvable groups are metacyclic groups and nilpotent groups. An example
of metacyclic groups are dihedral groups, D2n. Those latter groups are defined by < σ, τ |σn =
τ2 = 1, στ = τσ−1 >.

2.3 Nilpotent groups

Nilpotency is a stronger concept then solvability. The following definition defines finite nilpo-
tent groups by means of Sylow p-subgroups.

Definition 2.13. A finite group G is called nilpotent if for every prime divisor p of the order
of the group, the group G contains a normal Sylow p-subgroup.

Theorem 2.14. If G is a finite nilpotent group, then

G =
∏
p

Sylp(G),

a direct product of Sylow subgroups.

The concept of nilpotent groups can also be defined for a arbitrary group.

Definition 2.15. A group H is said to be nilpotent if there exist normal subgroups H0, H1, ...,Hn

such that

1. {1} = H0 ⊆ H1 ⊆ ... ⊆ Hn = H, and

2. Hi+1/Hi ⊆ Z(H/Hi), for 0 ≤ i ≤ n− 1.

Examples for nilpotent groups are Abelian groups and D8. An example of a solvable not
nilpotent group is S3.
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Definition 2.16. The upper central series of a group H is the sequence ({1} = Z0, Z1, ...),
where

Zn+1 = {x ∈ H | [x, y] ∈ Zn for all y ∈ H}.

Definition 2.17. The lower central series of H is the sequence (H = H1 ⊇ H2 ⊇ H3 ⊇ ...),
where

Hn = [Hn−1, H] =< [h, k] | h ∈ Hn−1, k ∈ H > .

Theorem 2.18. If H is a group and n ≥ 1, then the following statements are equivalent:

1. H is nilpotent;

2. Hn+1 = {1};

3. Zn(H) = H.

The smallest such n is called the nilpotency class of G.

Corollary 2.19. Subgroups and factor groups of a nilpotent group are nilpotent.

Theorem 2.20. Any finite p-group is nilpotent (in the sense of Definition 2.16).

We state some useful results of nilpotent groups.

Theorem 2.21. If G is a nilpotent group, then G is solvable.

Theorem 2.22. Nilpotent groups have no proper self-normalizing subgroups, i.e. if G is a
nilpotent group and H ⊂ G, then N(H) ⊃ H.

Theorem 2.23. If G is a nilpotent group and H is a maximal proper subgroup, then H CG.

The following theorem gives some more useful equivalences to check if a finite group is
nilpotent.

Theorem 2.24. If G is a finite group, then the following statements are equivalent:

1. G is nilpotent;

2. H 6= NG(H) for each proper subgroup H of G;

3. each Sylow subgroup of G is normal;

4. each maximal subgroup of G is normal; and

5. G is the direct product of p-subgroups (p prime).

Definition 2.25. The largest normal nilpotent subgroup of a finite group G is called the
Fitting subgroup, denoted by F (G) of G. The Frattini subgroup of G , denoted by Φ(G), is
the intersection of all maximal subgroup of G.

Theorem 2.26. The Frattini subgroup Φ(G) of a finite group G is nilpotent.
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2.4 A result of Burnside

The Burnside Theorem is used to check if a group is solvable. The proofs from this section
come from Section 19.2 [?].

Theorem 2.27 (Burnside). Every group of order paqb is solvable.

To prove Burnside’s Theorem, we need following results from representation theory.

Definition 2.28. An element α ∈ C is called an algebraic integer if it is a root of a monic
polynomial with coefficients from Z.

Proposition 2.29. The algebraic integers in C form a ring and the algebraic integers in Q
are the elements of Z.

Corollary 2.30. For every character ψ of a finite group G, ψ(x) is an algebraic integer for
all x ∈ G.

Proposition 2.31. Define the complex valued function ωi on {K1, ...Kr} for each i by

ωi(Kj) = |Kj |χi(g)
χi(1)

where g is an element of Kj. Then ωi(Kj) is an algebraic integer for all i and j.

Corollary 2.32. The degree of each complex irreducible representation of a finite group G
divides the orders of G, i.e. χi(1) | |G| for i = 1, ..., r.

The following 2 lemmas will lead directly to the Theorem of Burnside.

Lemma 2.33. If G is a group that has a conjugacy class K and an irreducible matrix repre-
sentation ϕ wth character χ such that (|K|, χ(1)) = 1, then for g ∈ K either χ(1) = 0 or χ(1)
is a scalar matrix.

Proof. By hypothesis there exist s, t ∈ Z such that s|K + tχ(1) = 1. Thus

s|K|χ(g) + tχ(1)χ(g) = χ(g). (1)

Divide both side by χ(1). Note that by Corrollary and Proposition both χ(g) and Kχ(g)
χ(1)

are algebraic integers, hence also χ(g)
χ(1) . Let a1 = χ(g)

χ(1) and let a2, ..., an be all its algebraic
conjugates over Q, i.e. the roots of the minimal polynomial of a1 over Q. Since a1 is the sum
of χ(1) roots of 1 divided by the integer χ(1), each ai is also a sum of χ(1) roots of 1 divided
by χ(1). Thus ai has a complex absolute value ≤ 1 for all i. Now b =

∏n
i=1 ai ∈ Q and b is

an algebraic integer, hence b ∈ Z. But

|b| =
n∏
i=1
|ai| ≤ 1,

so b = 0, ±1. Since all ai’s are conjugate, b = 0 ⇔ a1 = 0 ⇔ χ(g) = 0. Also, b = ±1 ⇔
|ai| = 1 for all i. Thus either χ(g) = 0 or |χ(g)| = χ(1). In the former situation the lemma
is established, so assume |χ(g)| = χ(1). Let ϕ1 be a matrix representation equivalent to ϕ in
which ϕ1(g) is a diagonal matrix. Thus χ(g) = ε1 + ...+ εn with εi = (χ(g))ii. By the triangle
inequality if εi 6= εj for any i 6= j, then |ε1 + ... + εn| < n = χ(1). Since this is not the case
we must have ϕ1(g) = εI with ε = εi for all i.
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Lemma 2.34. If |K| is a power of a prime for some nonidentidy conjugacy class K of G,
then G is not a non-Abelian simple group.

Proof. Suppose to the contrary that G is a non-Abelian simple group and let |K| = pc. Let
g ∈ K. If c = 0 then g ∈ Z(G) what is in contrary with G being simple. Let χ1, ...χr be
all the irreducible characters of G with χ1 the principal character and let ρ be the regular
character of G. By decomposing ρ into irreducible characters we obtain

0 = ρ(g) = 1 +
r∑
i=2

χ1(1)χi(g). (2)

If p | χj(1) for every j > 1 with χj(g) 6= 0, then write χj(1) = pdj . Now (1) becomes

0 = 1 + p
∑
j

djχj(g).

Thus
∑
j djχj(g) = −1/p has to be an algebraic integer by Proposition something, a contra-

diction. This proves there is some j such that p does not divide χj(1) and χj(g) 6= 0. If
ϕ is a representation whose character is χj , than ϕ is faithful because G is assumed to be
simple and otherwise the nontrivial kernel would be a normal subgroup. This means that
(|K|, χj(1)) = 1 and by Lemma somethingelse, ϕ(g) is a scalar matrix. Since ϕ(g) commutes
with all matrices, ϕ(g) ∈ Z(ϕ(G)) what forces g ∈ Z(G), contrary to G being a non-Abelian
simple group.

Now follows the proof of Theorem 2.27.

Proof. Let G be a group of order paqb for some primes p and q. If p = q or if either exponent
is 0 then G is a p or q-subgroup and therefore by Theorem 2.20 nilpotent hence solvable
by Theorem 2.21. Thus, we now say that this is not the case. We prove the result by
contradiction. So assumeG is a counterexample of minimal order. If G has a proper, nontrivial
normal subgroup N, then by the minimality of G both N and G/N are solvable. Hence so
is G by Theorem 2.12. Thus we may assume that G is a non-Abelian simple group. Let
P ∈ Sylp(G). There exists a g ∈ Z(P ) with g 6= 1. Since P ≤ C(g), the order of the
conjugacy class of g (which equals [G : C(g)]) is prime to p, i.e. is a power of q. This is in
contradiction with the previous lemma and so completes the proof of Burnside’s Theorem.

Corollary 2.35. Each non-Abelian finite simple group has order divisible by at least three
distinct primes.

2.5 A result of Hall

Here we give a result due to Hall that also gives a way to check if a finite group G is solvable.
A subgroup H of a finite group G is called a Hall subgroup of G if its index in G is relative
prime to its order. For any subgroup H of a group G a subgroup K such that G = HK and
H ∩K = {1} is called a complement to H in G.

Theorem 2.36 (Hall). Let G be a group of order pα1
1 pα2

2 ...pαt
t where p1, p2, ..., pt are distinct

primes. If for each i ∈ {1, ..., t} there exists a subgroup Hi of G with |G : Hi| = pαi
i , then G

is solvable.
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Hall’s Theorem can also be stated as follows. If for each i ∈ {1, ..., t} a Sylow pi-subgroup
of G has a complement, then G is solvable. In the proof of Hall’s Theorem, Burnside’s
Theorem and the Sylow’s Theorem are used as well as the following lemmas.

Lemma 2.37. If G is solvable of order > 1, then there exists P E G with P a nontrivial
p-group for some p.

Proof. Let P be a nontrivial Sylow subgroup of the last nontrivial term, G(n−1), in the derived
series of G with derived length n. In this case G(n−1) is Abelian because its derived subgroup
is trivial so P is a characteristic subgroup of G(n−1), hence normal in G.

Lemma 2.38. Let G be a group of order pα1
1 pα2

2 ...pαt
t where p1, p2, ..., pt are distinct primes.

Suppose there are subgroups H and K of G such that for each i ∈ {1, ..., t}, either pαi
i divides

|H| or pαi
i divides |K|. Then G = HK and |H ∩K| = (|H|, |K|).

Proof. Fix some i ∈ {1, ..., t} and suppose first that pαi
i divides the order of H. Since HK is

a disjoint union of right cosets of H and each of these right cosets has order equal to |H|, it
follows that pαi

i divides |HK|. Similarly, if pαi
i divides |K|, since K is a disjoint union of left

closets of K, pαi
i divides |HK|; Thus |G| | |HK| and so G = HK. Since

|HK| = |H||K|
|H∩K|

it follows that |H ∩K| = (|H|, |K|).

Proof of Theorem 2.36.

Proof. We prove this by induction on |G|. Note that if t = 1, then G is nilpotent and thus
solvable. If t = 2, G is solvable by Burnside’s Theorem. Assume therefore that t ≥ 3. Fix i
and note that by Lemma 2.37, for all j ∈ {1, ..., t} − {i},

|Hi : Hi ∩Hj | = p
αj

j .

Thus for every Sylow pj-subgroup S of Hi, Hi ∩Hj is a complement of S in Hi because pαj

j

divides |S| and the other prime powers in the order of Hi divide |Hi ∩Hj |. By induction Hi

is solvable. By Lemma 2.36, we may choose P EH1 with |P | = pai > 1 for some i > 1. Since
t ≥ 3 there exists an index j ∈ {1, ..., t} − {1, i}. By lemma 2.37.

|H1 ∩Hj | = pα2
2 ...p

αj−1
j−1 p

αj+1
j+1 ...p

αt
t .

Thus H1 ∩Hj contains a Sylow pi-subgroup of H1. Since P is a normal pi-subgroup of H1,
P is contained in every Sylow pi-subgroup of H1 and so P ≤ H1 ∩ Hj . By Lemma 2.37,
G = HjH1. So each g ∈ G may be written g = hjh1 for some hj ∈ Hj and h1 ∈ H1. Then

Hg
j = H

hjh1
j = Hh1

j

and so ⋂
g∈G

Hg
j =

⋂
h1∈H1

Hh1
j .
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Now P ≤ Hj and P h1 = P for all h1 ∈ H1. Thus

1 6= P ≤
⋂

h1∈H1

Hh1
j .

Thus N = ∩g∈GHg
j is a nontrivial and proper normal subgroup of G. It follows that both N

and G/N satisfy that for every prime power in their order there exists a subgroup such that
his index is exactly the prime power. Both N and G/N are solvable by induction, so G is
solvable. This completes the proof.

3 The main theorem

We now state and prove the main result of this project.

Theorem 3.1. Let G be a finite group such that all its proper subgroups are nilpotent but G
is not nilpotent. Then there exists a Sylopw p-subgroup P and a Sylow q-subgroup Q of G,
for some distinct primes p and q, such that (i) G = PQ, (ii) Q C G, (iii) P is cyclic, and
(iv) G is solvable.

Proof. That G is solvable, shall be proven by induction on the order of G. The smallest group
of which all its proper subgroups are nilpotent but is not nilpotent is S3 which is solvable.
Now suppose that the theorem is true for every group with order smaller than |G|. First
suppose that G is simple. If there is just one maximal proper subgroup H, then N(H) equals
G what makes H normal, or N(H) = H what gives that for every g ∈ G, gMg−1 = M so
H is also normal, hence H = {1} and G is cyclic. Therefore there are at least two maximal
proper subgroups. Let H and K be such with a maximal intersection. If H ∩ K 6= {1},
then N(H ∩K) ⊂ G by the simplicity of G. Therefore there is a maximal proper subgroup
L ⊇ N(H ∩ K). Since H is nilpotent N(H ∩ K) ∩ H ⊃ H ∩ K (Theorem 2.22), so that
L ∩ H ⊃ H ∩K. Therefore L has to be equal to H, and similarly we obtain L = K. This
is a contradiction to the existence of at least two maximal proper subgroups. Hence any two
distinct maximal subgroups intersect in {1}.
Let H be a maximal proper subgroup of G. Then N(H) = H and H ∩Hx = {1} for x 6∈ H.
The number of elements in two conjugated subgroups is the same, therefore the number of
non-identity elements in conjugates of Hx is the number of elements in H (minus the identity)
multiplied by the number of conjugates,

(|H| − 1)[G : N(H)] = (|H| − 1)[G : H] = |G| − [G : H] ≥ |G|/2.

Since [G : H] ≥ 2, there is at least one element x 6= e outside all conjugates of H, and
therefore there exists a maximal subgroup K, containing x, not in Cl(H) = {Hx|x ∈ G}. By
the intersection property of maximal subgroups that just has been proven, the elements in
conjugates of K are disjoint from those in conjugates of H. Thus, counting e and the elements
in Hx and Kx, at least 2 (|G|/2) + 1 elements of G have been located, which is impossible.
Therefore G is not simple. Thus there exists a normal subgroup K of G with {1} < K < G.
Now all subgroups of G/K are nilpotent hence by the induction hypothesis G/K is solvable.
Since K is nilpotent and therefore solvable, G is solvable (Theorem 2.10). (iv) is proven. If all
Sylow subgroups are normal, then G is nilpotent (Theorem 2.24). This is not the case so there
exists P ∈ Sylp(G), such that P is not normal in G. Since G is solvable, there exists H CG
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such that [G : H] is prime (Theorem 2.9). Since H is nilpotent, any Sylow subgroup of H is
characteristic in H, hence normal in G because nilpotency forces normality to be transitive.
Therefore P 6⊂ H, so that [G : H] = p because this is the only possibility if it has to be prime.
Thus all Q ∈ Sylq(G) with p 6= q are normal in G. Now there exists Q ∈ Sylq(G), q 6= p, such
that G 6⊂ C(P ) (otherwise P CG). Then PQ ⊂ G and PQ is not nilpotent. If otherwise PQ
nilpotent with P a Sylow p-subgroup of PQ then NPQ(P ) = P or NPQ(P ) = PQ. Both cases
are not true because respectively P is a Sylow subgroup (Theorem 2.22) and P is not normal
in PQ. Therefore G = PQ, so that (i) and (ii) hold. If 〈x〉 ⊂ P , then Q〈x〉 is nilpotent, so
Q ⊂ C(x). If P is not cyclic, then C(P ) ⊃ Q, a contradiction. Hence P is cyclic and (iii)
holds.

3.1 Observation

Another way to state Theorem 3.1 can be found in Algebra of Polynomials by H. Lausch and
W. Nobauer [?]. This theorem gives also a property by means of the Frattini group.

Theorem 3.2 (Schmidt-Rédei-Iwasawa). Let G be a finite not nilpotent group such that every
proper subgroup of G is nilpotent. Then:

1. |G| = paqb where p, q are primes, a, b > 0, G has a normal Sylow q-subgroup, and the
Sylow p-subgroups are cyclic, and

2. if S is a Sylow p-subgroup or a Sylow q-subgroup of G, then Φ(S) ⊆ Z(G).

The proof of this theorem can be found in [?].

Proof. The first part is true by Theorem 3.1. For the second part I we start with the case if
Sp is a cyclic Sylow p-subgroup. The order of Sp is pa and because Sp is cyclic and therefore
the subgroups form a chain the Frattini subgroup has order pa−1 and is also cyclic. Denote
Φ(Sp) =< s > with o(s) = pa−1. The Sylow q-subgroup is normal in G and therefore < Sq, s >
is normal in G. This is a proper subgroup of G because the order is pa−1∗|Sq| which is smaller
than |G|. All proper subgroups of G are nilpotent so we can write < Sq, s > as Sq× < s >.
Because s commutes with all the elements of Sp and with all the elements of Sq, s ∈ Z(G).
Now we prove the case for Sq C G. Define N =< Sgp | g ∈ G > CG. We prove that N = G.
Assume that Sp ⊆ N ⊂ G. Because N is a proper subgroup, it is nilpotent. Therefore it can
be written as Sp× (Sq ∩N) ( Theorem 2.14). This makes that Sp is an invariant subgroup in
N so Sp CG. The Sylow q-subgroup is also normal in G hence G nilpotent, a contradiction.
To prove that Φ(Sq) ⊆ Z(G) we start with Φ(Sq)Sp ⊂ G. This is a proper subgroup of G
hence nilpotent so it can be written as Φ(Sq)× Sp. This makes that Φ(Sq) and Sp commute.
Analogue you can prove that Φ(Sq) commutes with Sp and therefore commutes with every
element in G so Φ(Sq) ⊆ Z(G).

4 Examples

We give some examples of finite minimal not nilpotent groups.
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Figure 1: Composition series of S3.
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Figure 2: Composition series of A4.

4.1 Symmetric group: S3

The symmetric group on 3 elements is the smallest example. S3 is a non Abelian group of
order 6. It contains 4 subgroups: {1, (1, 2, 3), (1, 3, 2)}, {1, (2, 3)}, {1, (1, 3)}, {1, (1, 2)}. The
first one is isomorphic to A3 and the other 3 are isomorphic to S2. The derived length is 2.
Each proper subgroup is a Sylow p-group with p = 2 or 3, and therefore nilpotent but the
whole group S3 is not nilpotent. This means S3 is solvable and S3 = A3S2 with A3 C S3 and
S2 cyclic.

4.2 Alternating group: A4

This group of order 12 has 8 proper subgroups which are of orders 2, 3 and 4. The one
who has order 4 is {1, (1, 2)(3, 4), (1, 3)(2, 4), (1, 4)(2, 3)} which is isomorphic to the Klein
four-group. All the proper subgroups are p-groups what makes them nilpotent in contrast to
the whole group A4. With |A4| = 12 = 223 it is possible to find a Sylow 2-subgroup and a
Sylow 3-subgroup. We have that the Klein four-group is a normal Sylow 2-subgroup and that
{1, (1, 2, 3), (1, 3, 2)} is the cyclic sylow 3-subgroup. Hence A4 = V Z3 and A4 is solvable.

4.3 Dihedral group: D10

The dihedral group of order 10 = 2 ∗ 5 has by the Theorem of Lagrange only subgroups of
order 2 and 5. This means that all subgroups are Sylow subgroups, so all subgroups are
nilpotent and that the derived length is 2. By Sylow’s Theorem we get that there is a unique
Sylow 5-subgroup and that the number of Sylow 2-subgroups n2 is 1 or 5. We can prove that
there are 5 by listing them: < τ >,< στ >,< σ2τ >,< σ3τ >,< σ4τ >. Theorem 3.1 states
that D10 is solvable and that D10 = P2Q5 with P2 a cyclic Sylow 2-subgroup and Q5 the
normal Sylow 5-subgroup. D10 is also a metacyclic group. We have a normal cyclic subgroup
< σ > and G/ < σ > is cyclic. Indeed, G/ < σ >= {< σ >, τ+ < σ >} which is generated
by τ+ < σ >.

5 Classification of finite minimal not Abelian groups

In this section we study some properties of a finite minimal not Abelian group. an example
of such group is Q8, the quaternion group. The first theorem states that such a group is
solvable. This result follows from Theorem 3.1 because Abelian implies nilpotent.

Theorem 5.1. If G is a finite not Abelian group in which every proper subgroup is Abelian,
then G is solvable.

Theorem 5.2. The order of a finite minimal not Abelian group G can not be divided by more
then 2 distinct primes.
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The proof of this theorem comes from [?].

Proof. We prove this by contradiction. Let |G| = g = pαqβrγ ... with p, q, r, ... distinct primes.
Since G is solvable it must contain a subgroup G1 of prime index p. The order of G1 is
g1 = pα−1qβrγ ... Since G1 is a proper subgroup of G and therefore Abelian, it is the direct
product of the subgroups Pα−1, Qβ, Rγ of orders pα−1, qβ, rγ ... respectively. The orders of
each of the operators of G which are not in G1 is divisible by p, and hence G contains only
one subgroup of each of the orders qβ, rγ , ... . If it contained only one subgroup Pα of order
pα, it would be the direct product of the Abelian groups Pα,Qβ, Rγ . As this is impossible,
G contains only one subgroup of each of the orders qβ, rγ , ..., but it contains more than one
subgroup of order pα. Any two of the Abelian subgroups of order pα must generate G and
hence each of the operators of Pα−1 is invariant under G. Let s be any operator of Pα
which is not contained in Pα−1. If s were commutative with each operator in the subgroups
Qβ, Rγ , ..., then G would be Abelian. Hence s transforms one of these subgroups, say Qβ, into
itself without being commutative with each of its operators. As < Qβ, s > is non-Abelian it
follows that g cannot be divided by more than two distinct primes.
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